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If we require that none of the quantities C;; be equal to zero, we find that one of 
the following three cases must subsist: 


(a) Mi. = M13 = M21 = Mz, = O, 
(6) M23 = M21 = M32 = My = 0, 
(c) M31 = M32 = M13 = Moz = 0. 


In case (a) the three equations (C) amount to the single equation: 
M32C'21 — M2303, = 0, 
_ Cx _ Mas 
Cs mse 


C 


If mo3 and m2 are both different from zero, the rates of exchange between 
London and Paris are uniquely determined. These two markets have no dealings 
with New York. Their rates of exchange with New York are indeterminate. 
The situation here disclosed, which in the case of only three markets is perhaps 
trivial, is a special example of a more interesting fact in the case of n markets. 
In fact, it will be proved in general that: 

If the rank of the matrix (m) is r, and none of the rates of exchange is zero, then 
the n markets are divided up into n — r separate groups, each group consisting of a 
certain number of markets which have dealings with each other but not with any market 
nany other group. The rate of exchange between any two markets of the same group 
is uniquely determined. Between two markets of different groups the rate of exchange 
is indeterminate. 

Let us consider the general case. 

2. Let there be n markets, M,, Mo, ---, Mn, and suppose that 


M; holds m;; j-units of credit at M;, 
and that 
one 2-unit at M; is equal in value to C;; j-units at M;. 
The quantity C;; is called the rate of exchange at M; on M;. As before, we 


suppose that business between the markets is in equilibrium, 7.¢., there is no 
flow of gold between them. The following equations are therefore true: 


City Js k= 1, 2, +++, 2. (2) 


It should be noted that equations (2) are not independent; also that they 
contain the equations C;;? = C;;, which will be interpreted as C;; = 1. 
If we multiply the first equation of (1) by C1), the second by C2», etc., thus 


3 
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converting the amounts of money into currency units of M,, and if we make use 
of the relations C,;C;p = Cip, we obtain the set of n homogeneous equations: 


— — — — MinCnp = 0, 
t 


— maCip + — m3C3p — — =ManCnp = O, (3) 
= MniCip Mn2Cep MnsCsp + mMinCnp = 0. 


Here p is one of the numbers 1, 2, ---, n and m;; = 0 is inserted to simplify 
the notation. Our object is to solve equations (1) in conjunction with (2) and 
to discuss the effect of the rank of the matrix of (3) upon the solutions. 

3. We consider matrices of two kinds, namely: 


| 
(a) = i | ’ 
—Gn1 — Lain || 
i 
| Lain +6, — ay | 
| — a2 bg +++ — dan | 
(b) = | 
| 
— — + bn | 
t 


in which all of the numbers a;;, b; are non-negative and a;;= 0. The matrix (a) 
is a special case of the matrix (b). In general we shall refer to a determinant 
(matrix) in which each element in the principal diagonal is either greater than or 
equal to the sum of the absolute values of the other elements in its column, the 
latter being non-positive numbers, as a determinant (matrix) of type (b). The 
special case in which each principal element is-equal to the sum of the absolute 
values of the other elements in its column will be called a determinant (matriz) 
of type (a). The determinant (a) is equal to zero. 

THEOREM 1. The value of the determinant (b) is not negative. 

For the proof by induction, first note that the theorem is evident when (b) 
is of order 1 or 2. If we expand (b) as a polynomial in the b,’s, we find that the 
constant term is precisely the determinant (a); the coefficient of 6; is the deter- 
minant found by omitting the kth row and column of (a)—this is a determinant 
of type (b) of order n — 1; similarly the coefficient of b,b; is a determinant of 
type (b) of order n — 2; in fact the coefficient in every term of the polynomial 
is a determinant of type (b) of order less than n, except the coefficient of 
bybo-++b,, which is unity, and the constant term which is the determinant (a) 
and is equal to zero. Thus if the theorem is true when the order is less than n, 
it is true when the order is equal to n. 

THEOREM 2. If the determinant (b) is zero, it contains a principal minor of 
type (a). 


an 
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If all of the b’s are zero, (b) itself is of type (a). If not all of the b’s are zero, 
the coefficient of any product of non-vanishing b’s must be zero, since there are 
no negative terms in the expansion of (b) as a polynomial in the b’s. In par- 
ticular, the product of all the b’s must be zero and therefore at least one b is zero. 
Since the coefficient of any product of b’s is a determinant of type (b) of lower 
order than the given determinant, the theorem follows by induction. 

If a determinant, of type (b) or (a), of order n contains no principal minor 
of type (a) of order less than n, it is said to be a simple determinant of type (b) 
or (a). Two simple minors of type (a) are quite separate. 

If (b) is equal to zero, we can now arrange its rows and columns in a specially 
convenient order. Let ai, a, ++ as be the simple principal minors of type (a) 
which it contains and let their orders be ki, ko, --- ks. By shifting rows and 
columns similarly a; can be made to lie in the first k; rows and columns, a in 
the next k, rows and columns and so forth. The elements of the last / rows and 
columns, 1 = n — (ki + kp + --- + k,), will forma non-vanishing determinant 
B of type (b). When the rows and columns of (b) are arranged in this manner 
—or when the variables and equations (3) are correspondingly arranged—the 
arrangement is said to be compact. 

The following theorems are now easily proved: 

THEOREM 3. [If a certain principal minor @ of order k, is equal to zero, then 
every minor of order k taken from the same k columns which contain a is equal to zero. 

THEOREM 4. Every (n — 1)-rowed principal minor of a simple determinant 
of type (a) is different from zero. 

Corotuary. The rank of a simple determinant of type (a) is n — 1. 

THEOREM 5. The rank of (b) is n — 8, 8 being the number of simple principal 
minors of type (a) which (b) contains. 

THEOREM 6. The cofactor of every element of the jth column of the determinant 
(a) zs equal to D;, the determinant obtained by striking out the jth row and column. 

4. We can now apply the results of 3 to the solution of equations (1) and (2). 

The following notation is used: 


| 
| n 

(m) | ™21 Man || 
— Mni Mn2 LMin 


This matrix is supposed to be compactly arranged. Its determinant is equal 
‘ifa principle minor of order h of (b) is itself of type (a), then all the b’s in that minor are 


zero and all the elements outside of that minor in its h columns are zero, for we have conditions 
of the form 


n n 
whence aj+b; =0, 
i=1 t=1 t=h+1 


and since there are no negative terms in this polynomial each term must be zero separately. 
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to zero; s = the number of simple principal minors, a, a2, «++ as, of type (a). 
By theorem 5 the rank of (m) isn — 8; ki, ko, --+ ks are the respective orders 
of aj, 2, ++: as; |= the order of the minor determinant 8, of type (b), lying 
in the last rows and columns; B#¥0; kK=kithe+--- +h; n=k+l. 


There are three cases to consider: 


Case I. (m) is ofrankn—1,s=1,k=n,1=0. (m) is simple. 

Case II. (m) is of rank n—s,8s>1,k=n,1=0. (m) contains s simple 
principal minors of type (a) which contain all of the non-zero 
elements. 

Case III. (m) is of rank n—s, s21, k<n,1>0. There is a principal 
minor determinant 8, lying in the last / rows and columns, of type 
(b) and positive. 

Case I. Recalling that Cp» = 1 (p = 1, 2, ---, n), we see that equations 
(3) have one and only one solution, since the rank of (m) ism — 1. This solution 
is: 

D; 

where D; is the cofactor of every element of the ith column, by theorem 6. 

This formula gives the only solution of (1) and (2). 

Case II. In this case equations (1) consist of s separate sets, each of which 
is of the kind considered in Case I. In fact, by using equations (2) and multi- 
plying the k, equations of the first set in order by the numbers 


Cipy Copy Cusy 


where 7; is some one of the numbers 1, 2, ---, ki, we obtain a set of equations of 
the form (3) of the type discussed in Case I, the unknowns being 


Similarly the second set of k, equations is reduced to the form (3), the unknowns 
being 


where pz is one of the numbers k, + 1, ki + 2, +--+, ki + ke. The remaining 
sets are treated in the same way. ‘The s sets of equations, having matrices of 
ranks k; — 1, ke — 1, ---, ks — 1, can be solved uniquely for the quantities C;; 
when 7, 7 correspond to two markets of the same set. But it is evident that the 
C;;’s are indeterminate when i, j correspond to markets of different sets. 

Case III. In this case it is impossible to obtain a solution which contains 
no zeros. For, consider the last / equations of (1). If we multiply them in 
order by the quantities 


we obtain a set of homogeneous equations in these quantities. The determinant 
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B of the set is different from zero. It follows, therefore, that they are satisfied 
only by 
= = = = 0; 


and this result holds when p = 1, 2, ---, k. If now we substitute these zeros in 
the first k equations (1), we obtain a set of k equations of the type considered in 
Case II. We see therefore that it is possible to find values of C;; [c = 1, 2, ---, n; 
j = 1, 2, ---, k] which satisfy the first k equations of (1) together with those of 
equations (2) which do not involve the subscripts k + 1,4 + 2,---,n. The last 
l equations (1) can not be satisfied in conjunction with those of equations (2) 
which involve these subscripts. 

From the point of view of economics this result means that there are s separate 
sets of solvent markets (corresponding to the s simple matrices of type (a)) 
such that no two markets of different sets have any dealings with each other. 
The rate of exchange between two such markets is indeterminate, but between 
two markets of the same set it is determined uniquely as in Case II. The / 
markets not included in these s sets are bankrupt; whereas the credit of each of 
them at any solvent market is zero, some of them have debit balances with at 
least one of the solvent markets. 


A SIMPLE THEORY OF COMPETITION. 
By GRIFFITH C. EVANS, The Rice Institute, Houston, Texas. 


1. Postulates. Significant theories of economics may be discussed mathe- 
matically in very simple terms, and results may be stated, in precise fashion, 
which a non-mathematical theory could not be expected to deduce at all. More- 
over the assumptions are simple enough to be verified approximately in actual 
societies, and yield results which may be easily calculated in definite cases. Such 
a rudimentary theory of competition is given below, in terms of linear and 
quadratic functions, and the elements of the calculus. 


Let 
q(u) = AwW+ Bu+C (1) 


represent, as a quadratic function, the total cost of producing (that is, putting 
on the market) u units of a commodity in unit time. Let 


y=ap+b (2) 

represent, as a linear function, the amount of goods, y, which, if the price is p, 
will be bought in the market in unit time. 

Suppose there are two producers, each manufacturing, subject to the same 

cost function given by (1), amounts wu and we, respectively, in unit time, and 

each trying to make his profit a maximum. What will be the amounts x and we 


manufactured, and the price p at which the goods are sold? This is the problem 
of competition expressed in simplest terms. 
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If we denote the respective profits by 7; and 7, we shall have, in a situation 
where as much is sold as is produced, the equations 


q(u), i= 1, 2, (3) 
(4) 


since pu; is the selling value of the amount u;, It remains however to add a 
determining postulate for the stationa y values of the quantities 7. 

1.1. As a possible determining postulate we may take that of Cournot:? 

(a) Each competitor assumes that the production of the other or others is inde- 
pendent of his, and tries to make his profit a maximum. 

The mathematical expression of this postulate is to regard wu, and wu, as 
independent variables, and write 


Om Or. 
0, 0, (5) 


that is, 
pt us 1, 2, 
and since, by (4), dp/du; = 1/a, 
i=1,2. 


If from these equations we eliminate uw; and uw, by adding them together and 
then making use of (4), we shall have a single equation which we may solve 
immediately for p and obtain 
_ b— 2Aab — 2Ba = _ b+ Ba 

1.2. It may be noticed that the postulate just used is not entirely equivalent 
to this other: 

(c) Each producer tries to determine the amount u; of his production per unit 
time so as to make the total profit a maximum. 

The total profit is given by 


= (uy + — g(ui) — 


and the condition which expresses this postulate is 


=>» (7) 
or 
Op 
O= pt (m+ tw) — 2Au; — B 


ap + b 
a 


=pt+ — 2Au; — B, 


1 Augustin Cournot, Recherches sur les principes mathématiques de la théorie des richesses, 
Paris, 1838; translated by N. T. Bacon, Researches into the Mathematical Principles of the Theory 
of Wealth, London, 1897; see chapter VII. 
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so that, in the same way as in the previous case, the u; and uw. may be eliminated 
by means of (4) and the value of p obtained: 


_ 2b — 2Aab — 2Ba _ b+ Ba. 


This latter phenomenon we may define as codperation. 

1.3. An instructive standard of comparison is the monopoly price. For this, 
the natural postulate was given by Cournot:! 

(m) The producer determines his production per unit time so as to make his 
profit a maximum. 

In this case 


= pu— q(u), 
and the condition is simply 
dr 
du 
that is, 
0= 2Au — B. 
Hence 
_ b6— 2Aab — Ba _ b+ Ba. 9 
P= "= a(2 — 2Aa) “= 2—2Aa (9) 


1.4. There is another situation which it is worth while to describe; and it is 
a second kind of competition. Each competitor may by slightly changing the 
price—say by underselling the other—try to obtain whatever portion of the 
trade he can handle with the maximum return or profit. That is, he regards 
the price as fixed—say, just less than the market price—and produces the 
amount which would give him the maximum profit at that price. For this 
“cut-throat” competition we have therefore the following postulate: 

(b) Each competitor regards the price as fixed and tries to make his profit a 
maximum. 

In this case we have the equation 


Om, 
), 0, (10) 


and, on account of the symmetry of the situation, 


OT 
= 0 
OU2 P constant 


0=p—q(m) = p— 
p= 2Au, + B= 2Au.+ B. 


1 Cournot, /. c., chapter V. 


whence 
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With reference to (4) then we have 


_ Ab+B b+ Ba 


Pw (31) 


2. Phenomena with n producers. Let us denote the prices given by the 
postulates (a), (c), (m) and (b) respectively by letters p with a corresponding 
index. It is instructve to write down the formule for p™, p and p® when 
there are n producers instead of two. With reference to the postulates given in 
these cases, it is easily calculated that their values are the following: 


(13) 
p® = with = (14) 

and if we let n become large, we have the approximate formule 
p® = p® = B + (15) 
3(2 with 40 = (16) 


so that the total production in the case of codperation would be about half of 
what it would be in either case of competition. 

3. Nature of coefficients. In regard to the nature of the quantities which 
appear in all these formule, and which are the coefficients in the functions repre- 
senting g and y, it may be pointed out that in the obviously typical case we have 


a < 0, b> 0. 


If, as has been done here, for q(x) we regard the quadratic expression as an 
approximate representation of the cost function for all values of u, we may 
regard the A, B, C, determined statistically for this purpose, as all positive. 
In fact, C represents the cost of producing nothing per unit time, that is, the 
overhead expense, B represents the additional cost of producing the first unit, 
and the fact that A is positive represents the assumption that on the whole the 
cost curve is concave upward. 

Since B is the cost of producing the first unit, and since both A and C are >0, 
the average cost per unit of any quantity u, which is g/u, must be = B. Hence 
no industry will be started unless the demand y is positive for p = B; and there- 
fore we assume, with reference to (2),b + Ba >0. In this connection, notice 
equations (11) to (16), and (21) and (23’) below. 

These hypotheses would not be legitimate if the quadratic expression were 
regarded as an approximation to the cost curve over an interval somewhat short. 
Thus, if the cost curve, more accurately represented, happened to be concave 


~ 


a 
c 
t! 
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downward in its first part, and concave upward in the second part, we should 
be able for the latter portion, which is the interesting region for the variable, 
to assume a quadratic expression in which A would be positive but not neces- 
sarily B and C. These possibilities are interesting when we wish to get some 
idea of the nature of taxation and its incidence, a subject in which generally our 
interest is confined to a small portion of the cost curve. But for a rough approxi- 
mation to the phenomena under investigation we may return to our original 
assumptions, with A, B, C > 0. It is justifiable also to assume all our pro- 
ducers working with the same cost curve, since we wish to obtain not an idea 
of the effect of a divergence of cost curves, but a rough notion of the phenomenon 
of competition itself. 

There are one or two special cases which we may note in passing. If we put 
n = 1, the prices p™, p become identical with the p™ for monopoly. This is 
not the case however with p® which reduces to 


po = 24b+ B 


1 — 2Aa 


bs Bo | 


with = 
1 — 2Aa 


(17) 
In fact, since — 2Aa > 0, the wu for (17) is greater than the w for monopoly 
given by (9), and accordingly p < p™. 

Another situation to note is where the demand y is independent of the price, 
1.e., Where a = 0. In this case 


= = = o, (18) 


or in other words, the prices are pushed up beyond the region in which the 
hypothesis of demand independent of price remains valid, not only for monopoly 
and codperation, but also for competition as described by Cournot. On the 
other hand, for p® we get the value 


p= 2424 B, with (18’) 
n 


The two kinds of competition represent therefore quite distinct situations. 

Some essential differences are brought out if we consider an industry where 
aside from overhead cost most of the cost is labor—a situation which we may 
characterize by writing A = 0. We obtain 


1 b 

©) = pm 

p = B. 


4, Relative values. There are simple inequalities that hold in general for 
the various kinds of prices. In fact, from (12), (13), (14) it follows obviously that 


<u 


e 
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for any particular value of n,n > 1. Hence, since y = Du; = nuj, 


yO < y < y, 
and since y = ap + b, 
po > p® > p®, (19) 
Moreover from (13), 


But the quantity — Aa being positive, 


b+ Ba. b+ Ba 
2Aa 2— 2Aa 


that is, 


and therefore, 


7 po p™, (19’) 
Hence, finally, for any value of n, n > 1, the prices are arranged in descending 
order, as follows: monopoly, codperation, competition (a), and competition (b). 
The total productions are arranged in the reverse order. It is possible, but hardly 
worth while for the present paper, to get simple formule for the direct measure 
of these differences. 

5. Failure. If the price falls below a certain value, any producer will fail to 
make a profit; and if it falls still lower, since C + 0, the producer will lose at 
a definite rate. It remains to find this critical price. 

The line g = pu; cuts the curve g = Au; + Bu;+ C in two points, real, 
coincident or imaginary. In the first case only is it possible to obtain values of 
u; for which pu; > q(u;), 2.e., for which there shall be a profit. The two points 
are determined by the condition 


0 = Au?+ (B— p)u;t+ C, 
and will therefore be coincident when 


(B — p)? = 4AC, 
that is, when 
p= B+2NVAC, 


the plus sign being taken with the radical, since the other value of p would 
correspond to a negative value of wu. This is deduced immediately from the 
shape of the curve for q. 

The condition p = p is equivalent to the condition 


nB + 2Ab = (n — 2Aa)(B + 2VAC), 


from which a necessary condition for profit, under postulate (b), follows: 


n< (b+ Ba+ 2aVAC). (21) 


CO 


y nu; 
y > y™, 


1922. ] A SIMPLE THEORY OF COMPETITION. 377 


This, it turns out, is under (b) also a sufficient condition, for the value of w; is 
determined by the equation p = q’(u;), and the value of u; which corresponds 
to p by this equation must by the law of the mean lie between the two inter- 
sections which the line gq = pu; makes with the graph of g, when these are real. 
We have here then a definite finite limit on the number of competitors who may 
safely engage in a given production. Similar limitations apply to the cases 
governed by the other postulates (a) and (c); in all such limitations the im- 
portance of overhead expense is manifest, as in (21). 

6. Offer. Equation (17) represents a sort of monopoly price. If there is a 
single producer, and if for each price he would produce the amount which would 
give him the maximum profit at that price, then the price in the market and the 
amount of goods produced and sold in unit time would be given by (17). In this 
case then (which hardly corresponds to any true monopoly) the producer regards 
himself as having a definite offer of the commodity for each price p, and the 
price in the market is obtained by observing the intersection of the curves of 
offer and demand. Ina similar fashion, in the case (b) in general, each producer 
regards his individual offer as a function of the price, and the total offer is again 
defined. Offer is the amount of the commodity which would, if the price were 
p, be placed on the market in unit time. 

It is most important to notice that in the general cases (a), (c), (m) offer in 
this sense has no relation to the problem, and the offer-demand diagrams lead 
to wrong results. In fact, in the problems (m), (c) and even (a) (unless n is so 
large that the quantity u,/a in (5’) may be neglected, and (a) and (b) become 
thereby identical), the quantity uw; cannot be obtained as a function of p without 
introducing information (in dp/du;) derived from the demand curve. Thus 
offer as ordinarily interpreted loses its significance. On the other hand, any 
other definition of offer would be artificial, and the calculation of a new curve 
to fit into the offer-demand diagram, in order to give the proper intersection, 
would involve knowing in advance the solution of the problem. 

6.1. One sees in this way that there may not be much sacredness in the “law 
of supply and demand,” as an objection to the fixing of prices. The effect of 
price fixing is to make the situation entirely a type (b) problem, and thus to 
create an offer of goods in the technical sense, as we have just defined it, and the 
offer so created may be actually greater than the amount of production would 
be, which would give the maximum profit under less restricted conditions. It is 
in this way that the equations (17) become of practical interest, as portraying 
the case (b) when there is only one producer. 

As an instance, suppose, let us say, that under war-time conditions the 
quantities q and y are given by functions (1) and (2), with certain values for the 
coefficients, and it is required to find what price pp < p® may be imposed on a 
monopoly product, without changing the amount produced. If the price is 


fixed at po, the relation of u to po is fixed by postulate (b), so that wu is given by the 
equation 


po = 2Au+t B, whence 4 = POT B . (22) 


2A 


| 
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From this equation and (9) we have 

po— B_ b+Ba 

2A 2 — 2Aa 
so that, finally, 
B+ Abd, 

i = 
If the price were not fixed, it would become p™, given by (9), and the relation 
between the two prices is therefore the following: 


b+ Ba 


(23) 


(23’) 


in which, in fact, the right-hand member denotes a positive quantity. 

6.2. Before completing this subject, let us consider very briefly a related one. 
Is it possible to tax an industry in such a way that prices will not be changed? 
We notice in fact that a change in C has no effect on the price, so that either a 
tax in the shape of a fine of so many dollars a year, or a bounty of so many 
dollars a year will leave the price and the amount produced unchanged. In 
general, if we denote by 7(u) the profit under the modified conditions, it is suffi- 
cient for the price not to change that we have 


Ti(Ui) = am,(ui) + Bi, 

where a and £6; are constants, for in this case 7,’(u;) and 7;/(u;) vanish for the 
same value of u;. In other words, any procedure which takes away a definite 
proportion of the profit, or a definite amount, per unit time, or both, will not 
modify the price. We must guard against saying that an income tax will not 
modify prices, for an income tax affects a considerable proportion of incomes, 
and will thus presumably affect the a and b of the demand function for prac- 
tically all commodities. An excess profit tax, however, is not open to this 
qualification, and satisfies the above conditions. 

One may fix the price against a monopoly by (23), and then fine it by excess 
profit taxes, charter taxes, confiscation of dividends, and so on, however unjust 
the process may be, without diminishing the rate of production in the slightest 
degree. And thus, in connection with (23), it may be that the price po will 
cause a loss rather than a profit, and this can only be met by passing dividends, 
or even going into a receiver’s hands; yet the production will not diminish. 
On the other hand, if the price is fixed at less than po, the production will diminish 
even if there is still a profit, and even if the cost curve is modified by passing 
dividends and failing to pay interest on bonds. For these are modifications of 
the C in the expression for q(w) and have no effect on the maxima and minima 
involved. In exceptional times it may be quite desirable by fixing prices at 
restrictive values to decrease the production in certain industries, say luxuries, 
and increase competition in basic industries and new necessities, with the object 
of keeping the price system as a whole fairly stable. 
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7. Modifications in the cost curve. Rather than consider the total variety 
of cost curves among producers, let us consider a type of modification which is 
characteristic in our problem. When prices are in a certain condition, under 
postulate (b), with say n competitors 
producing at a profit, some of the 


producers may wish to make a larger Y 2 
profit by increasing their overhead P 
expenses, decreasing their other ex- 2 
penses, and producing larger amounts. eR 
In the diagram, the curves (1) and (2) 1 


represent an individual cost curve in ) 
these two states, the amount which LA | 
would be produced in each case being 7 | 
that which would make the distance a 
between the line g = pu (which rep- L Lisnssil 
resents the selling value) and the cost ™ be 
curve a maximum. This is the po- 

sition in which the tangent to the cost curve is parallel to the price line g = pu. 
The transition contemplated is from (1) to (2). 

In (6), as we have seen, an offer curve is defined, so that offer is given as a 
function of price. The transition from (1) to (2), however, changes this function, 
and as is evident from the remark just made, will increase the offer at the price p. 
Since a < 0, this will decrease the price, and if the price goes below a certain 
amount p’, indicated on the diagram by the line g = p’u, there will no longer 
be any profit in the expanded business. The change from (1) to (2) is unfor- 
tunately usually not a reversible process. And the usual modification of the cost 
curve which is now enforced is from (2) to (3), by omitting to pay dividends, and 
by such other changes in the value of C as ultimately provoke the bond- 
holders to demand a receivership. Thus even apart from any phenomenon con- 
nected with the rate of interest,’ bankruptcy may be regarded as a normal event 
in a system of competition. 

8. General points of view. In a general system of economics we cannot for 
a proper discussion restrict ourselves to functions of a single variable. Mathe- 
matically this is not so essential a modification as it has been sometimes regarded. 
An extension of the problem which goes deeper is what is obtained when we 
remember that what a producer is interested in is not to make his momentary 
profit a maximum, but his total profit over a period of time of considerable 
extent, with reference to cost functions which are themselves changing as a 
whole with respect to time, such as in the instance discussed in the previous section. 
The mathematical discipline which enables us to find functions which make a 
maximum or a minimum quantities which depend upon them throughout periods 
of time is the calculus of functionals, or in special cases the calculus of variations. 
But the quantity which we want to make a maximum over a period of time 


1 Irving Fisher, The Purchasing Power of Money, New York, 1913; see chapter IV. 
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need not be the total profit; it may be the total production, or whatever other 
quantity we wish to take as a desirable characteristic of the social system we dis- 
cuss. The author regrets that at the present time he can refer only to his lecture 
courses for a further treatment of this point of view. Nevertheless it seems the 
most fruitful way that a really theoretical economics may be developed. 


ON KELLOGG’S DIOPHANTINE PROBLEM! 
By D. R. CURTISS, Northwestern University. 


1. Kellogg’s Problem. Two Applications. In a recent number of the 
Monrtu ty,” Professor Kellogg has presented a very interesting discussion of the 
Diophantine equation 

1 1 1 
(1) 
2 Xn 
in which he gives reasons for believing that the maximum value of any of the 
unknowns that can occur in a solution in positive integers is u», where 


aw = 1, = + 1)? (2) 


Thus the successive w’s are 1, 2, 6, 42, 1806, ---. I propose here to give a proof 
of the correctness of this statement, a proof in which we use sequences of in- 
equalities, each containing one less x than the preceding. The method may be 
of some interest in itself, and of some value in similar problems. That the proof 
is hardly so simple as the statement of the problem will cause no surprise, at least 
to one familiar with Diophantine analysis. 

Before we take up this proof it may add some interest to note two problems, 
one geometrical, the other arithmetical, whose solution depends on finding 
particular sets of integers satisfying (1). The first is that of laying non-overlap- 
ping sets of floor-tiles, each tile being a regular polygon whose sides are of unit 
length, so as to cover the plane, or a portion of the plane, just once or multiply; 
the polygons of a set will not, in general, all have the same number of sides. 
For example, suppose we are to fit n such tiles against each other so that all 
shall have a common vertex, and the piece of surface formed by them shall wind 
k times about this vertex, the last tile being in such a position as to fit without 
overlapping against the first tile if it were in the first layer instead of the last. 
In other words, the tiles are to generate without overlapping a piece of a Riemann 
surface in which the sheets form one cycle about a branch point. If the n tiles 


1 Read before the American Mathematical Society, December, 1921. 

21921, 300-303. See references there to Carmichael’s Diophantine Analysis and to his 
review of Dickson’s History of the Theory of Numbers, vol. 2, in this Monruty. This subject is 
very close to that of Sylvester’s paper, “‘On a point in the theory of vulgar fractions,” American 
Journal of Mathematics, vol. 3, 1880, pp. 332-335 and 388-389, which, Sylvester says, was sug- 
gested by the account in Cantor’s Geschichte der Mathematik of the ancient Egyptian treatment 
of fractions by resolution into a sum of fractions each having unity as its numerator. 
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are regular polygons of m, m2, +++, M» sides, respectively, so that their interior 
angles are 


the sum of these angles must be 2k7. From this we deduce the relation 


my Me Mn 
If n is even we divide through by (n/2) — k and are thus led to seek solutions 
of (1) in which the 2’s have a common factor (n/2) — k. If n is odd we may add 
3 to both sides of the above equation and reduce to form (1) by dividing through 
by ((n+ 1)/2) — k. Another reduction to (1) will suggest itself if we require 
all the m’s to be even. We are thus led to consider solutions of (1) under certain 
restrictions. 

The other problem is that of finding perfect numbers, a positive integer being 
defined as perfect if it is equal to the sum of all its different divisors less than 
itself, including unity. Thus 6 is a perfect number since 6 = 1+ 2+ 3. For 
even perfect numbers we have a formula ascribed to Euclid, but it is not 
known whether an odd perfect number exists.!. Let a, be a perfect number, so 
that 


where 1, a1, @2, +++, Gn; are all the divisors of a,, not including a, itself. The 
quotient of a, by any a is an a, so, if we divide the above equation by a, and 
rearrange, we have 

a, a2 QAn-1 An 
Since the largest a is a, itself, the correctness of Kellogg’s statement for (1) 
has this consequence: 

A perfect number with n divisors less than itself (unity included) cannot be 
greater than the number uy defined by (2). 

This result may be of some use in discussing the existence of an odd perfect 
number. We may lower this upper bound for an odd perfect number by trying 
to find the maximum 2z in a solution of (1) where all the x’s are required to be odd 
and unequal. 

Both these applications suggest the discussion of solutions of (1) under 
restrictions, and especially the determination of the maximum x under such 
added conditions. Problems of this type present difficulties, and I shall not 
attempt their discussion; perhaps some reader will be interested to try his fortune 
in this field. 

2. A Theorem which Includes Kellogg’s. Let us return now to the problem 
we have undertaken to solve. Where no ambiguity is thereby introduced we 


1Compare this Montuty, 1921, 140-141. 
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shall find it convenient to use the symbol f,(x) defined by 
(3) 


With this notation, (1) can be put in the form 
In = fr—1(2). 


The result which we are to prove, and which includes Kellogg’s theorem, we will 
state as follows: 

THEeorEM I. The maximum finite value of fr—i(x) for all positive integral 
values of 21, X2, +++, Un—1 18 Un as defined by (2). There is but one set of x’s which 
gives this maximum value, namely that in which 


k=1,2,---,n—1. 


Note that we are not here restricting ourselves (as in Kellogg’s formulation) 
to values of the z’s that make f,_;(x) integral; we find, however, that the maxi- 
mum of this expression under the given conditions is an integer. 

The reader will find in Kellogg’s paper a proof that the set x, = u,z+ 1 
actually gives to f,-1(x) the value wp. 

3. Necessary Conditions fora Maximum. Reduced Sets. As a first step in 
our proof, a glance at (3) shows that if all but one of the 2’s are fixed, then the 
best choice for the remaining 2, 2.e., the value that makes f,_:(x) as large as 
possible, but finite, is the least value of that x for which 1/f,-:(x) is positive. 
Thus we should take z,_; as the least integer such that 


z.e., such that 
Xn—-1 > fn—2(x). 


If we use the symbol E(a) to denote the greatest integer which does not exceed 
a, this gives us as our best choice for 2,-1, 


E(fn—2(x)) + (4) 


In particular, a necessary condition for a maximum of fr—1(x) vs that the x’s be a 
set in which the member or one of the members having the largest value, taken as 
In—1, verifies (4). 

In a set which has the above property we cannot decrease any one member, 
leaving the others unaltered, without making 1/f,-1(x) negative or zero; let us 
call such a set a compact set. When a set is compact, 2,1 being the largest 
member, we have 

fn—1(x) = 1), 
for this is equivalent to 
1 1 1 1 1 1 


which follows from the definition of a compact set. 


@& = wt ew a 


V2 
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We will use the term reduced set for a compact set which has but one largest 
member. Let us consider two ways of transforming any given set of integers 71, 22, 
-++, 2, for which 1/f,(x) is positive into a reduced set 21’, x2’, ---, 2,. The first 
step, naturally, is to take the largest x (or one of them if there are equal largest 
x’s) and decrease it to the smallest value which will make 1/f,(x) positive, while 
the other 2’s are left unaltered; if a largest member of the resulting set can be 
decreased we proceed as in the first instance, repeating the process until we 
obtain a compact set X,, Xo, ---, X;-1, X;, which we will suppose arranged in 
order of magnitude. In case X¥,; = X,, two methods of procedure are suggested 
by formulas indicated by Kellogg. In the first we replace the set X by the set 
Y in which 


= 2; Y2 = 2X1, Y3 = 2Xo, at A = (5) 


It is easily verified that 
= 2f-(X). 


We now make the Y set compact by the process already described. Then, if the 
resulting set has equal largest members, apply (5) so as to obtain a set Z. If 
these operations are continued long enough we must finally obtain a reduced set. 
In fact, a set x whose first k members are 2, 4, 8, ---, 2* cannot contain any other 
member as small as 2* without making 1/(f,(x)) zero or negative. But the set Y 
contains one member 2, the set Z one member 2 and one 4, and so on, and if we 
have not at some previous stage obtained a reduced set we shall have transformed 
our set into the set 2, 4, 8, ---, 2", and by making this compact we have the 
reduced set 2, 4, 8, ---, 2771, 271+ 1. Note that every step has increased f,(x). 
The other method of reduction proceeds from the identities! 
1 1 2 1 1 


= - . 
x x (x 2 (2+ 1 (6) 


R 


If a compact set X has two largest members equal, so that X,. = X,, we replace 
the set X by the set 


when X, is even, and by 


when X, is odd; from (6) we see that the new set gives to f,(x) the same value 
as does the set XY. We then make the new set compact as before; and this com- 
pact set will also beareduced set. For by (7) or (8) we have replaced two equal 
numbers X; by two integers, one less than X, and the other greater. If we could 
reduce the latter to be less than or equal to one of the other X’s, we should have 
a set in which no number is greater than the corresponding X and at least one 


i” The first of these is given in Kellogg’s paper. 
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number is less, which is impossible, since the set XY was compact by hypothesis. 

As an illustration, consider the set 3, 4, 5, 6. The first method transforms 
this into 3, 4, 5, 5 (compact), and then into 2, 6, 8, 5, which, rearranged, is 2, 5, 
6, 8 (reduced). By the second method we obtain successively 3, 4, 5, 5, then 
3, 3, 4, 15, and finally 3, 3, 4, 13 (reduced). 

The set (7) or (8) gives to f,(a) the same value as the set X, so that we cannot 
say for the second method, as we did for the first, that at every step we increase 
f-(x). Whether a set (7) or (8), derived from a compact set XY for which 
X,-1 = X;, may ever be compact I have not been able to determine.’ Until 
that point is settled we cannot say that in every case the reduced set obtained 
by the second method gives to f,(a) a greater value than the original set. This 
is, however, true of the first method, so that we may strengthen the condition 
for a maximum given at the beginning of this section as follows: 

THEOREM II. A necessary condition that a set x maximize fr-1(x) is that it be 
a reduced set; 7.e., we can so choose our notation that we have 


‘= Tn-2 < (9) 


E(fn—2(x)) + 1. (4) 


We assume here and in what follows that n > 2, the case n = 2 being easily 
disposed of. 

4. The Function Necessary Conditions for Maximizing 
Having restricted ourselves to reduced sets x, we can now assign an upper bound 
for fr_i(x). In fact, this last function is expressible as a fraction whose numerator 
is the product 222 +++ 2,1, and whose denominator is a positive integer. We 
thus have 


== 


where 2,—1 is given by (4), and all the 2’s satisfy (9). 
Since 


E(fn—2(x)) + 1 = + l, 
we can replace (9) and (10) by the inequalities 


We will denote the second member of (12) by @n~2(z). 

The next step is to investigate the maximizing of @,-2(x) for sets 21, %2, -*-, 
Xn—2 subject to (11). We shall prove the following result: 

THEOREM III. A necessary condition that a set x1, %2, +++, %n—2 subject to (11) 
maximize Pn—2(x) is that it be a reduced set. 

To prove this, let us start with any set verifying (11) which makes 1/f,2(2) 


1 While the sets (7) and (8) are not usually compact, they are so in some cases. For example, 
7, 8, 10, 10, 10, 11, 11, 12, 12, 12, is compact, and the set (7) derived from it, 7, 8, 10, 10, 10, 
11, 11, 12, 7, 42, is also compact. In a similar manner, 9, 9, 10, 11, 11, 11, 11, 12, 13, 13, 18, is 
compact as is also the corresponding set (8), namely, 9, 9, 10, 11, 11, 11, 11, 12, 13, 7, 91. For 
this second example fi:(x) has the remarkably large value of 25,740—EbirTor. 


= 
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positive and transform this set into a reduced set by the second method. We 
will show that at each step we have a set verifying (11) and giving to ¢,-2(2) a 
value greater than it had before. The former of these statements is easily dis- 
posed of, for our second method employs two kinds of processes. The first 
process decreases one element at a time, which increases fn—-2(x) and leaves (11) 
true when the symbols are suitably arranged. The second substitutes (7) or (8) 
for a compact set X with two largest members equal. It is, then, only the effect 
of this latter substitution that we need examine; we give the details for Xp. 
even. The last member of (7) is the largest, and f,-2(x) is the same for the set 
(7) as for the set X, so that we have to prove 


1) 


But since X is compact fro(X) = Xn-2(Xn-2 — 1), and since X,-2 must be 
greater than 2, we have Xn ~2(Xn-2— 1) > (Xn-o/2) ((Xn-2/2) + 1). There- 
fore the new set satisfies (11). We have a similar result when X,_2 is odd, 
depending on.the fact that here X,_» > 3. 

Having shown that each transformed set for our second method satisfies (11), 
we must now prove that each step increases ¢,-2(x). These steps consisted 
either in decreasing one member at a time, or in passing from a compact set X 
with two equal largest members to a set (7) or (8). To prove that a step of the 
former sort increases the value of ¢,-2(x), suppose we have a set x satisfying (11), 
which we transform into a set x’ by changing only the member 2,2; this latter 
we replace by 2’n-2 = t—2 — 1. We suppose f,-2(x’) positive. Since 

1 
we have 
fr—2(x") = (tr-2 — 1)fn—2(x) 
: — 1) — (x) 


and dn—2(2’) — dn—2(x) is equal to +++ multiplied by 


(2n—2 1)[fn—2(2’) + 1] tn—oAf, _2(2) + 1] 
Tn—2 (Xn—2 — (x) 
— — 1 
Tn—2 1) — fre (x) 
— — — — 1)fn—o(@) — — 1), 
J) — (x) 
The denominator of this fraction is positive, being the denominator of the 
expression for f,—2(2’). The numerator is a quadratic in f,-2(x) with both roots 
less than 2n-2. For if we substitute 2,_2 for f,-2(x) it reduces to 22,-2, which is 
positive. Therefore the numerator of the fraction is positive and 


Gn—2(2). 


It remains only to show that the substitution of a set (7) or (8) for a compact 
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set X in which X,-3 = Xn-2 gives to @n_2(x) a value greater than ¢n-2(X). 
We carry this through for the case where X,_2 is even; the reader will easily see 
how to treat the other case. The substitution to be carried out leaves f,-2(x) 
unaltered, and in fact the only change in ¢,-2(2) is to substitute for the two equal 
factors Xn—2 in the pair X,-./2 + 1, (Xn—2/2) (Xn-2/2+ 1). But the 
product of this pair is greater than X,_2”, for X,-2 > 2, so that 
# 2 4 2 a a 2 
(A= 1) > 0, 1) Min (- 1) > Xn-2’. 


2 2 


Thus ¢,—2(2) has been increased by this substitution. 

Since each step in our second method, which must terminate with a reduced 
set, increases ¢,—2(x), while all the sets used satisfy (11), we have proved Theorem 
III. 

5. Proof of TheoremI. If we now take 2, 22, «++, @—2 as a reduced set, 
so that 


= E(f, —3(2)) 1 Sf —3(2) 1, 
we obtain by comparison with (10), (11), and (12) the inequalities 


fn—i (x) S Me +1) + 1]. (14) 
To maximize the right member of (14) is to maximize ¢,_3(x), and we are thus 
led to repetitions of section 4. Our final inequalities are 


a = fi(z), fn—1(4) = (15) 
where U,_2 is defined by the recurrence relations 
= o1(x), = + 1), k=1,2,---,n—3. 
But (15) gives us 2; = 1/(1 — (1/21)), a1 = 2, since 21 < 2 is impossible. With 


this value for x; we have 


U1 = oi(x) = +1\=6= and = Un; 


to use the notation of (2). Thus we have 
fn—1(2) = Un- 


But the value wu, is actually attained by giving to the 2’s the values u, + 1, so 
that uw, is the maximum of f,-1(2). 

One way of stating the necessary conditions at each reduction of our problem 
was to require that each of the sets, 


be reduced. The only 2’s that satisfy these conditions are those of the set 
2, = Uuz+ 1. With this remark our proof of Theorem I is complete. 
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AUTHOR’s NoTE—Since the above was put into type, the author has received 
reprints of an article by Tanzé Takenouchi, entitled ‘On an indeterminate 
equation,” which has just appeared in the Proceedings of the Physico-Mathe- 
matical Society of Japan (third series, volume 3, pp. 78-92). In this paper the 
number 1 on the right side of equation (1) is replaced by a fraction b/a in which 
a = b, and in case a is of the form (m + 1)b — 1, it is shown that the maximum 
zx in all solution sets (n > 1) is An, as given by the recurrence formula 


A, = m, A, = + 1), Axyi = t+ 1). 


When b = m = 1, this is Kellogg’s theorem (see p. 91). The results of the 
present paper are thus anticipated in a general way, though Theorem [| is not 
proved by Takenouchi. The methods employed are sufficiently different to 
make the present paper of interest, and its greater simplicity and brevity may 
recommend it. The methods we have here used apply with very little change 
to Takenouchi’s problem. We cannot, in general, use the first method of re- 
duction for a compact set with equal largest members, so that the necessity of 
some of our conditions does not follow, but we easily obtain Takenouchi’s result. 
We can, in fact, go further than he has, and obtain the following analogue of 
Theorem I, where 

and b =a: 

The maximum finite value of frs(x), n > 1, for all positive integral values of x1, 
18 not greater than B,, where 


‘|b 


By = E(2), + Bs = Bf _ +1), 


a By 
= Bi(Bi + 1), k > 2. 


If a = (m+ 1)b —1, we have B, = A,, so that this upper bound is actually 
reached. 
In Takenouchi’s example 
1 1 1 5 

which does not come under the case where he has given a general solution but 
for which he observed that the maximum 2 is at least 220, the upper bound noted 
above is 305}. 
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A MODEL FOR THE PEANO SURFACE. 
By ARNOLD EMCH, University of Illinois. 


1. Introduction. In his Calcolo differentiale e principi di calcolo integrale, 
published in 1884, Peano gave the first rigorous treatment of the theory of maxima 
and minima of functions of several variables. The development of this theory 
may also be found on pp. 181-188, in notes 133-136, and on p. 332 of the German 
translation (1899). The note contains a discussion of the now famous function, 
representing a certain quartic surface which may properly be called the Peano 
surface.| By this example Peano demonstrated the falsity of some of the hitherto 
accepted criteria for maxima and minima of functions of several variables. One of 
these false criteria will be mentioned in the constructive discussion of the Peano 
surface. The investigations of Peano induced others to penetrate still more 
deeply into the theory of maxima and minima? and related domains of the calculus 
of variations. Some very reputable mathematicians and authors, like Serret, 
Bertrand, Todhunter,® and others, have fallen into this pit of faulty criteria. 

The first one in America to call attention to these defects was Professor J. 
Pierpont in an interesting article on maxima and minima of functions of several 
variables.°® 

In most cases the errors are fundamentally due to the theorem, which in 
general is not true, that in Taylor’s development of a function of several variables, 
the ratio of the remainder, following a certain term of the expansion, to this term, 
approaches zero as a limit when the increments of the variables approach zero 
as a limit. For cases in which this limit is zero, see Peano (German translation, 
theorem III, p. 173). 

It is the purpose of this paper to discuss the geometrical properties of the 
Peano surface and to make them intuitively apparent by the aid of a model 
constructed by the writer. Peano’s important criticisms can be comprehended 
very readily by means of this geometric visualization. 

1 Georg Scheffers, Lehrbuch der darstellenden Geometrie, vol. 2, 1920, pp. 261-263. 

2L. Scheffer, “Theorie der Maxima und Minima einer Funktion von zwei Variablen,”’ 
Mathematische Annalen, vol. 35, 1890, pp. 541-576. Scheffer arrived independently at some 
of the conclusions of Peano, but uses Peano’s function as an example. 

V. v. Dantscher, ‘Zur Theorie der Maxima und Minima einer Funktion von zwei Veriinder- 
lichen,” ibid., vol. 42, 1893, pp. 89-131. 

O. Stolz, Grundztige der Differential- und Integralrechnung, vol. 1, Leipzig, 1893, pp. 213-228. 
Also Sitzungsberichte der math.-natur. Klasse der Akademie des Wissenschaften, Vienna, vol. 99, p. 
499. 

3 J. A. Serret, Cours de calcul différentiel et intégral, vol. 1, 3d ed., Paris, 1886, p. 216. Harnack 
corrects the error to which Peano refers in the table of corrections of the first volume of Harnack’s 
German translation (1897) of Serret’s calculus. 

‘Bertrand, Calcul différentiel, Paris, 1864, where the same mistake occurs on p. 504. 

5]. Todhunter, A Treatise on the Differential Calculus, London, 1875, pp. 226-236. G. 
Battaglini’s Italian translation (fifth edition, 1913) of Todhunter’s calculus, vol. 1, pp. 255-261, 
presents the problems under discussion apparently without cognizance of Peano’s criteria. The 
treatment is therefore also unsatisfactory. 


6 J. Pierpont, ‘‘ Maxima and minima of functions of several variables,’”’ Bulletin of the American 
Mathematical Society, 2d series, vol. 4, 1898, pp. 535-539. 
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2. Peano’s Criterion.! Before taking up the discussion of the Peano surface, 
it is perhaps well to state the criterion upon which, according to Peano, the 
existence of maxima and minima depends. 

We recall a few preliminary statements concerning definite forms. 

A rational homogeneous function of several variables of degree n is called 
a form of the nth degree. In Taylor’s expansion for 


+ h, yo + &, e+e) 


the successive terms are forms of degree 0, 1, 2, --- inhk, --- 

A form is called definite, if it vanishes only when all variables vanish simul- 
taneously. It is indefinite if it may assume negative and positive values. Thus, 
a form of odd degree, which does not vanish identically, is always indefinite. 
A form may be neither definite nor indefinite. This happens for a form which has 
always the same sign when not zero, but which vanishes for a set (h, k, -+-) in 
which not all variables vanish. This is what happens in Peano’s example. 

The criterion for maxima and minima of f(z, y, ---) is as follows: If for 
2 = Xo, y = Yo, «++ all partial derivatives of less than the nth order vanish, and if 
in Taylor’s expansion for z = f(ao + h, yot k, ---), the term which is a homo- 
geneous function of h, k, «++ of the nth degree is an indefinite form, then z is neither 
a@ maximum nor a minimum at (ao, yo, -*+). If however this form is definite and 
positive, then z is a minimum; if the form is definite and negative, then z is a 
maximum. 

The Peano criterion never gives a wrong result, but it must be understood 
that the cases where the forms involved are neither definite nor indefinite require 
individual treatment, like the surface examined hereafter. On the other hand, 
the other methods to which reference is made actually give wrong results in 
these cases. 

3. The Peano Surface. Serret, /.c., p. 219, sets up the criterion: “the mazxi- 
mum or the minimum takes place when for the values of h and k for which d*f and 
df (third and fourth terms) vanish, d‘f (fifth term) has constantly the sign —, or 
the sign +.” To show that this is erroneous, Peano considers the function 


z= f(x,y) = (y’ — — 2qz), (1) 
in which p> q> 0. Putting xo = 0, yo = 0 in Taylor’s expansion for f(ao + h, 
yo + k), thére results 

f(h, k) = Apgh? — 2(p + + 


The second term, d'f, which is a form of the first degree, here vanishes identically. 
The system of the terms of the second degree remains different from zero for all 
values of h and k, except for the values of the sub-set (0, &). Hence the third 
term df is neither definite nor indefinite. For the set (0, /) the terms of the 
second and third degree, d?f and d*f, vanish and the fifth term is positive. Hence 

1 See l.c., German translation, and the theory on pp. 170-177, preceding maxima and minima. 


The whole theory of Peano is so simple, and at the same time rigorous, that it should be generally 
adopted by writers of textbooks. 
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according to Serret’s criterion z would have a minimum, which is false. To 
show this, let (x, y) approach (2) = 0, yo = 0) through the function y? = 2lz. 
Then 

z= f(x, Vix) = 4(l— p)(l— 


which is negative when q < 1 < p, positive when > p or! <q. Hence there 
is neither a maximum nor a minimum at (0, 0). Applying Peano’s criterion, we 
note, as above, that the form of the first degree, d'f, vanishes identically while 
d*f remains positive for h + 0 and vanishes for the subset (0, k). It is neither 
definite nor indefinite in h and k. The criterion, therefore, does not settle the 
question in this case. It is by means of the function y? = 2/z, as shown above 
(or 2? + 7? = e, € as small as we please), that the behavior of the function may 
be investigated. 

Geometrically the situation is as follows: The function z = f(z, y) given by 
(1) is represented by a quartic. For the sake of convenience of construction and 
modelling we assume it in the form 


z= — (y? — 2pzx)(y® — 29n), (2) 


z= 2(p+ gay? — 4pq2? — (3) 


Introducing the variable ¢ to make (3) homogeneous (¢ = 0 being the equation 
of the plane at infinity), we have 


= 2(p+ — — y'. (4) 


From this is seen that the intersection of the zz-plane with the plane at infinity 
is a tacnodal line on the quartic. Consequently a plane y = & through this 
line cuts the quartic in a residual curve which is a parabola, namely, 


z= 2(p+ — 4pqa? — 


The y-axis has a four-fold contact with the surface. The infinite point of the 
z-axis is a triple point of the quartic and has the plane at infinity as a three-fold 
plane. The plane at infinity is a uniplane at the infinite point of the z-axis. 

The parabolic cylinder y? = 2/x passes through the tacnodal line of the quartic 
and, consequently, intersects the quartic in a quartic residual curve, whose 
projection upon the xz-plane has the equation 


z= — — 9)2’, 


or 


representing a parabola (to be counted twice). On this quartic curve, z is either 
always negative or always positive (0 for x = 0), according to the values of J, 
as has been found above. 

A plane y = Az through the z-axis intersects the surface in a quartic, whose 
projection upon the xz-plane has the equation 


z= 2(p+ — 4pqa? — 
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Since 

dz 

6(p + — — 4d423, 
and 


12(p + — 8pq — 


it follows that at (0, 0, 0) for all values of \ the first derivative vanishes and the 
second derivative has the constant value! — 8pg. Hence: 

Every plane through the z-axis, without exception, cuts the surface in a quartic 
with a maximum at the point (0, 0, 0). 


Fia. 1. Fig. 2. 


The non-critical, purely intuitive mind would ordinarily proclaim such a 
point a maximum (summit) of the surface. A model of the Peano surface shown 
in Fig. 1 is a demonstratio ad oculos that such is not the case. Fig. 2 shows the 
location of the surface with respect to the codrdinate system. The scale on the 
z-axis has been chosen as one tenth of that of the x- and y-axes in order to avoid 
extremely steep slopes. The model represents the true form of the quartic 
surface defined by the equation 


z= — — 5z)(y? — 2), 
so that 


p = 2.5, q = 0.5. 
This Peano surface? has been constructed on a system of horizontal contour-lines 
cut out by the pencil of parallel planes z = 2. 


1It should be observed, however, that the section for \ = ~, that is, the section formed by 
the yz-plane, cuts the quartic in a curve with a flat point, which projects upon the zz-plane in a 
segment of a straight line, so that dz*/dx? assumes the indeterminate form »-0— 8pq— ~-0. 
This difficulty disappears for this value of \ if we project the curve of intersection upon the yz- 
plane. Then for \ = » the first three derivatives of z with respect to y all vanish, while the 
fourth derivative is negative. Under these circumstances the flat point may still be defined as a 
maximum. 

2 The mould for this plaster model has been preserved, so that casts might be made for parties 
wishing to possess such a model in their collection. 
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THE FIRST ATTEMPT AT A TABLE OF INTEGRALS. 
By NOAH R. BRYAN, University of Maine 


There is apparent an ever-growing interest in the calculus in the fields of 
applied mathematics and of secondary education. In the field of applied mathe- 
matics, we find that an author of an elementary book on wireless telegraphy has 
considered it necessary to include a chapter on the calculus;! we find that 
chemists no longer look askance at the introduction of formal mathematics into 
their subject but are beginning to welcome the use of more calculus in their 
science;?_ and, since today the aéroplane is built according to the knowledge 
obtained by the careful methods of the laboratory, it is only natural to find its 
construction described in the language of the calculus.’ In the field of secondary 
education, a study of the status of mathematics in the curricula in schools abroad 
reveals the fact that in ten of these countries some calculus is taught before the 
end of the year which corresponds to our twelfth school year or the last year in 
high school.t Also, not only has it been recommended that an elective course 
in the simpler parts of the calculus should be offered in our first-class high schools,’ 
but such a course is already being given along with the course in more extended 
algebra in a number of our high schools. 

To the ultra-conservative professor of mathematics, this interest in the 
calculus on the part of outsiders may seem like trespassing upon sacred ground. 
And, although the lover of pure mathematics is open-minded, he will ask whether 
a study of the calculus can be of much benefit unless the subject is approached 
from the scientific point of view. Therefore, it may be well to recall that our 
usual method of approach to the subject through limits is a relatively recent 
one so far as rigor is concerned. This method depends upon the thorough work 
on limits and infinitesimals by Carnot (1797) and the obtaining of the fractional 
form of the derivative by the method of limits as given by Cauchy (ce. 1821). 
Yet, as we well know, wonders had been accomplished with the calculus long 
before this scientific method had become traditional. 

It may, therefore, be of interest to consider a noteworthy attempt at classi- 
fication of simple integral forms by Johann Bernoulli, the first great expositor 
of the calculus. Although his work did not appear in book form, his manuscripts 
written in 1691-1692 form the first textbook in integral calculus.® 

1§. J. Willis, A Short Course in Elementary Mathematics and Their Application to Wireless 
Telegraphy, London, 1917. 

2 J. W. Mellor, Higher Mathematics for Students of Chemistry and Physics, New York, 1919. 

3 Flight, September 2, 1920 (Official organ of the royal aero group of the United Kingdom); 
Aeronautics, September 2, 1920, London; The Aeronautic Journal, September, 1920; Aircraft 
Engineering, January, 1920, London. 

4 J. C. Brown, Curricula in Mathematics, United States Bureau of Education Bulletin, No. 45, 
er Elective Courses in Mathematics, The National Committee on Mathematical Requirements, 
March, 1921. 

6 Johann Bernoulli lived from 1667 to 1748. His Lectiones mathamaticae de methodo integralium 
was published in the third volume of Opera Omnia, Lausanne & Geneve, 1742, pp. 385-558, but 


the differential part of his manuscript was not published. It is stated that this was because the 
ground had been fully covered by the Marquis de |’Hospital (1661-1704) in his Analyse des 
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His first lecture concerns the nature and the calculation of the integral. His 
method is that of the inverse of differentiation. He says that it is known that 
dx is the differential of z, and xdz the differential of 2x or ax + a constant, 
and soon. Then 

adz is the differential of ax + a constant, 
axdz is the differential of }axxz + a constant, 
axadz is the differential of 4az* + a constant, 
ax*dz is the differential of jaz* + a constant, 
and so on.! 

From this he deduces the general formula that az?dz is the differential of 
axz?t"/(p + 1). 

In his second lecture, Bernoulli considers the plane surface as divided into an 
infinite number of parts, each of which may be regarded as the differential of 
the surface. If we have the integral of this differential, that is, the sum of these 
parts, then will we also know the desired area. Those infinitely little parts of 
the plane surface can be thought of as obtained in different ways according to 
the most convenient subdivision of the figure. For example, plane surfaces 
would be directly divided, as is the custom, by means of parallel lines, as in Fig. 1, 


Fia. 1. Fia. 2. 
Fia. 3. Fia, 4. 


or by means of an infinite number of straight lines which are concurrent, as in 
Fig. 2, or by means of an infinite number of tangents, as in Fig. 3, or by means 
of an infinite number of normals to the curve, as in Fig. 4. 


infiniment petits, Paris, 1696. There has been some controversy as to whether the latter book 
may not have really been based upon the manuscript of Bernoulli more fully than would be 
inferred from the general acknowledgment in the Preface. The manuscript of this part of 
Bernoulli’s work written in Latin, has recently been found in the library of the University of 
Basel and is reproduced in full, with an Introduction by Paul Schaftheitlin, in Verhandlungen der 
Naturforschenden Gesellschaft in Basel, vol. 34, 1922, pp. 1-32, with four plates of figures. See 
also Paul Schaftheitlin, ‘Johann Bernoulli’s Differentialrechnung,” ibid., vol. 32, 1921, pp. 
230-235—-EpirTor. 
1 Opera Omnia, vol. 3, pp. 387-388. 
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C If the divisions of the surface are parallel, 
a and if x is the abscissa and y is the ordinate, 
the differential of the surface will be ydz; 
namely, the rectangle formed by the ordinate 
and the differential of the abscissa. If AC 
Y is the given curve, then y will have a given 
ratio to 2, so that it is expressed in z alone. 
Suppose that AC is a parabola, then az = y? 


A x 8 ry= Vv (ax). The integral of this, which 
Fie. 5. dx mg (ax) or 22y, is the area desired.! See 
ig. 5. 


This method of Bernoulli’s for finding the area is simple, and is satisfactory 
for elementary work, although the idea of limits involved is taken care of largely 
by intuition. 


AMONG MY AUTOGRAPHS. 
By DAVID EUGENE SMITH, Columbia University. 


29. LEGENDRE AND CaucHy ABEL. 


In his work on Abel, ? M. Ch. Lucas de Pesloiian gives, in a supplementary 
note (p. 144), the beginning of a memoir which, as he says, “probablement fut 
lu par Fourier en séance publique, le 30 Octobre 1826, 4 |’Institut, et que l’on ne 
comprit pas,” stating in the text (p. 55) that it is said to be a development of the 
addition theorem. 

In volume 2 of Abel’s Oeuvres Completes (1839) the editor, B. Holmboe, has the 
statement that, much as he had wished to publish in his edition the memoir 
presented by Abel about the close of the year 1826, “tous les efforts pour obtenir 
une copie de ce mémoire ont eté infructueux jusqu’a présent.” 

In the Mémoires présentés par divers savants 4 l’ Académie Royale des Sciences 
de l’ Institut de France, published at Paris two years later (1841),* however, is the 
very memoir referred to, with the title: “Mémoire sur une propriété générale 
d’une classe trés étendue de Fonctions Transcendantes, par M. N. H. Abel, 
Norvégien, présenté a l’Académie le 30 Octobre, 1826.’’ On the last page (264) 
there is a note by Libri, the historian of mathematics, as follows: “L’Académie 
m’ayant fait l’honneur de me charger de surveiller l’impression de ce Mémoire, 
je me suis appliqué a corriger, autant que possible, les fautes d’impression,” with 
apologies for not being able to do as well as could have been done had he been 
able to see the original manuscript. Indeed, when the second edition of Abel’s 
work was published at Christiania (1881), under the editorship of Sylow and Lie, 
there was inserted a note on this memoir (volume 2, p. 294) to the effect that Lie 

1 Ibid., pp. 394-395. 


2.N. H. Abel, Sa vie et son oewvre, Paris, 1906. 
3 Vol. 7, pp. 176-264. 
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had obtained, in 1874, the permission of the Académie des Sciences of Paris to 
consult the original manuscript, but upon searching the archives it was found 
that it had never been seen after the first printing. 

Among my autographs is an interesting document bearing upon the matter 
and, so far as I have been able to ascertain, thus far unpublished. It consists 
of four pages in the handwriting of Legendre and is signed by him and Cauchy. 
On the first page is a note in another hand, “29 Juin 1829.” There is nothing to 
show what this date means, but it seems to indicate that the Académie was 
considering the printing of the article which had already been presented. At 
any rate, the report is upon the question of the value of the memoir. It begins 
with the words: “Report on a memoir relative to a general property of ‘une 
classe trés étendue de functions transcendantes.’ The Académie has directed 
M. Legendre’ and me to report concerning a memoir of M. Abel relative to a 
general property of a class ‘trés étendue,’ of transcendent functions.” It then 
goes on to describe the nature of the functions and to mention that they have 
certain properties which are analogous to those of logarithmic and elliptic func- 
tions. It speaks of the fact that Abel had already planned for printing a portion 
of it in Crelle’s journal, of his great promise in science, and of the serious loss 
to the world in his early death, just as he was working upon several new memoirs. 
It concludes with the recommendation that the memoir be published in the 
collection of those of foreign scientists. 

The recommendation seems to show that it was written about the date 
mentioned, which was nearly three months after Abel’s death, and that this advice 
was followed. In the publication of 1841, Libri had attempted the necessary 
corrections. 

That there should have seemed to be necessary such a recommendation with 
respect to a memoir by a man like Abel only goes to show how little he was 
generally known at the time and how careful the Académie was as to the papers 
which bore its seal of approval.” 


QUESTIONS AND DISCUSSIONS. 
Epitep By C. F. GumMeEr, Queen’s University, Kingston, Ont., Canada. 
DISCUSSIONS. 


When the forces of modernism have reformed our civil year and reduced its 
irregularities to a minimum, all calendars will be perpetual, and the Dominical or 
Sunday letter will cease to control our destinies. Until that time, though less 
mysterious than those lunar influences that combine with it to generate the 
movements of the movable feasts, the Sunday letter retains its place in our 


1 Although written by Legendre, he phrases the report as if it was due to Cauchy. 
2T am indebted to Mr. Jekuthial Ginsburg for aid in tracing some of these facts. 
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almanacs, and continues to be a source of some trouble and confusion to the 
unlearned. Cheap printing and advertising methods have today so decorated 
our walls with calendars that the problem of the perpetual calendar has ceased 
to be immediate and vital. Nevertheless there is a steady interest in these 
questions, and some practical importance when remote dates have to be con- 
sidered. The article by Dr. W. H. Vail appearing below contains a rule for 
rapidly finding the Dominical letter for any year of ourera. Readers should have 
no difficulty in supplying a proof of the rule. Two other articles on the subject 
have appeared in this department (1421, 127, 260). 

As companions to the mnemonic lines cited by Dr. Vail, some others may be 
noted that were obtained through editorial correspondence. Dr. Edgar Dehn 
of Waterloo, Canada, contributes this “little verse, sufficiently short not to 
scare those who don’t like verses, yet long enough to help in memorizing ”’ the 
sequence of digits in the decimal expansion of r. 


“And I wish I could recollect 


9 
My number, known and select.” 
2 6 5 3 6 


There is a recurrent interest in mnemonics for 7, but Dr. Dehn was under the 
impression that such mnemonic curiosities existed only in the French and Russian 
languages. The Russian verse cannot be printed in the Latin alphabet, and will 
therefore not be given here. The French lines which follow are well known.! 

“Que j’aime 4 faire apprendre un nombre utile aux sages! 
9 2 6 5 3 5 
Immortel Archiméde, sublime ingénieur, 
8 9 7 9 
Qui de ton jugement peut sonder la valeur? 
3 2 8 8 4 6 2 6 
Pour moi ton probléme eut de pareils avantages!’’ 
3.8 8 3 2 

Numerous variant forms have been mentioned, but few of them compare in 
elegance with that given above. 

The Scientific American for March 21, 1914, gave the following: 


“See I have a rhyme assisting 
My feeble brain, its tasks ofttimes resisting!” 

Now it is known that the first cipher in the decimal expansion of 7 occurs in 
the thirty-third place. Hence it is pointed out by Professor A. A. Bennett that 
a mnemonic stanza of exactly thirty-two words serves also to give thirty-three 
figures, if it be recalled that the digit next in order is a cipher. Professor Bennett 
cites as a “somewhat inelegant ”’ example of such a complete stanza the following 
lines, composed by him after seeing the verse in the Scientific American. 

“Now I read a rhyme, expressed in verses clear, 
The ratio circular expanding (science inerudite) ; 


And if old Ludolph’s very number do appear, 
Then ’tis but Egyptian art, or ancient Syracusan might.” 


1 These lines and two in German are quoted in this Montuiy, 1905, 215. 
2 Two more examples are given in this MonTu iy, 1906, 50. 
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The allusion is to Ludolph van Ceulen (d. 1610), who computed 7 to 35 
places, and in whose honor the term “Ludolph’s number ” is current in Germany. 
The references to Egypt and Archimedes of Syracuse need not be discussed. 

Mr. Haldeman shows that the vertices of a regular undecagon inscribed in a 
given circle lie on a certain sextic curve. The equation of the sextic involves a 
parameter by variation of which the undecagon may be rotated into all positions 
on the circle. The method is along the same line as one given in the MONTHLY 
by the same author in connection with the regular pentagon and the regular 
heptagon (1920, 257-258, 1919, 390). Some editorial remarks follow the article. 

Dr. J. Rosenbaum investigates a problem suggested by the Pythagorean 
relation. It may be shown that for a triangle ABC with a>b>c there 
exists a unique n = 1 such that a* = b" + c"; but only when 4 is a right angle 
or a straight angle does n depend solely on A. In general there is a relation 
connecting A, b/c, and n, which becomes independent of b/c when A is put equal 
to 7/2 or 7. Dr. Rosenbaum shows that, conversely, when A and n are given, 
this relation is satisfied by at most one real value of b/c, except when n = 1 or 2. 

The note by Professor Swift calls attention to a fact in connection with 
trigonometric tables which is something of a paradox, and illustrates the distinc- 
tion between a transcendental number and a transcendental function. 

The failure at the origin of the formula in polar coérdinates for the direction 
of a curve appears to receive no notice in a number of calculus texts. Professor 
H. J. Ettlinger supplies this want in the short note which forms Discussion V. 
His result could also be obtained by transforming dy/dz into polar form. 


I. Uncie Zapock’s RuLE ror OBTAINING THE DoMINICAL LETTER 
FOR ANY YEAR.! 


By W. H. Vain, Newark, N. J. 


All of our measurements of time are either natural or conventional in char- 
acter. Thus the solar year, the solar day, and the lunar month are natural 
measurements of time, being governed by the movements of the sun, the moon, 
and the earth in their various orbits; while all the other measurements of time, 
such as the second, the minute, the hour, the week, the civil month, the civil 
year, and the century, are conventional or arbitrary in character, having been 
formed for the convenience of man. 

All almanacs and diaries which contain the Church Calendar, and the list of 
eclipses, with the chronological cycles, will cite among other items the Dominical 
letter for the year which the diary or almanac represents. Thus for the year 
1921 they will state that the Dominical letter is B, which is pure Greek to almost 
every person who consults it. The first problem which the construction of a 
calendar presents is to find the day of the week corresponding to a given day of 
the year. The week contains seven days, and the problem would be perfectly 


1 An explanation of the Dominical Letter with tables is given in The Calendar, its History, 
Structure and Improvement, by Alexander Philip, Cambridge University Press, 1921. 
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simple if the year was composed of a whole number of weeks; but the ordinary 
year contains fifty-two weeks and one day, while the leap year contains fifty-two 
weeks and two days. 

In order to facilitate the solution of this problem, the days of the week are 
denoted by the first seven letters of the alphabet, A, B, C, D, E, F, G, which are 
placed for convenience opposite the days of the year; thus beginning with A 
standing opposite the first day of January, B stands opposite the second, @ 
opposite the seventh, then A opposite the eighth, and so on throughout the year. 
Following this rule it is found that A will represent January 1, 8, 15, 22, and 29, 
which would bring B to represent January 30 and C January 31. Then D will 
represent February 1, and as February in the ordinary year contains only twenty- 
eight days, D will also represent March 1, 8, 15, 22, and 29, bringing E for March 
30, F for March 31, and G for April 1. In this connection it may be remarked 
that the letter for each month is fixed. That is, A is always the letter for the first 
day of January, D for the first day of February and of March, whether the year 
be an ordinary year or a leap year, G the letter for April, and so on. 

To aid the memory in remembeiing which letters represent the different 
months of the year, the following couplet has been formed: At Dover Dwell 
George Brown Esquire, Good Carlos Finch, And David Friar. The initial letters 
of the above twelve words in their order stand for the first days of the twelve 
months of the year. Or you may take the twelve letters themselves in their 
regular order, thus: ADD G, BEG C, FAD F. A little practice will soon associate 
the individual letters with the months they represent. 

Now proceeding a step further, if one of the days of the week, Sunday for 
example (as is the case with the year 1921), is represented by the letter B, Monday 
would be represented by C, Tuesday by D, Wednesday by E, Thursday by F, 
Friday by G, and Saturday by A, returning for Sunday to B again; every Sunday 
would be represented by the same letter, B, through the year. If we are able 
to obtain the letter which represents Sunday for the year, we know in this way 
the letters which represent the other days of the week, with a special provision 
for leap years. Having established the letters which shall stand for the first 
days of the months, it only remains to obtain the Sunday letter for the year. 
The letter which represents Sunday for the year is called the Dominical or Sunday 
letter and when this is obtained for any year, the letters which denote the first 
days of the various months tell us the days of the week upon which these first 
days will fall. Thus B representing Sunday for the year 1921 (as you will find 
so stated in any almanac) and B being the letter which represents May 1, it 
follows that May 1, 1921, occurs on Sunday. C being the letter which represents 
the first of August, it follows that August 1, 1921, occurs on Monday, and so on 
through the seven letters which represent the first days of the various months for 
the year 1921. Thus we are able very readily to state upon what day of the 
week the first day of any month occurs, and knowing this the days of the week 
upon which the other days of the month occur follow automatically after a little 
practice. 
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This naturally brings us to the consideration of the subject proper of this 
paper which is Uncle Zadock’s rule for obtaining the Dominical or Sunday letter 
for any year. Some fourscore years ago there appeared an article in the New 
York Observer entitled “A rule for obtaining the Dominical letter for any year.” 
This rule was originated by a school teacher in Pennsylvania whose real name 
was concealed under the pseudonym of “Uncle Zadock.” Therefore the rule 
came to be known as “Uncle Zadock’s Rule.” As far as we are aware the real 
name of the author of this rule was never revealed, and during all these years 
we have seen it in print only once, when the writer’s father had it inserted in a 
local paper in northern New Jersey, where he resided. This rule was given 
without proof. At the same time it is absolutely correct in its application to 
any date in the past, present or future of the Christian Era.’ It is also most 
simple in its operation; and if any person is inclined to question its simplicity, 
let him scan the rule given in the Encyclopedia Britannica and wade through the 
mazes of figures and unknown quantities, as they occupy page after page of that 
work, before being able to obtain the Dominical letter for any year in question. 

In contrast let us now consider Uncle Zadock’s rule, and learn how readily the 
Dominical or Sunday letter for any year is obtained. The rule is as follows: 

First, divide the centurial number of the year in question by four. 

Second, multiply the remainder, if any, by two. 

Third, subtract the product from six. 

Fourth, to the remainder add the odd years and also the fourth part of the 
odd years, rejecting fractions. 

Fifth, divide the sum of these numbers by seven. 

Sixth, subtract the remainder, if any, from seven. 

The last remainder indicates the Dominical or Sunday letter for the year 
under consideration in the order of the first seven letters of the alphabet. Thus 
should the last remainder be 1, the Dominical letter would be A. If the remainder 
were 2, the letter would be B, and so on. 

Should the year under consideration prove to be a leap year, the Dominical 
or Sunday letter obtained by this rule would apply to the last ten months of the 
year, and the Sunday letter for the months of January and February in that year 
would be the next letter in the order of the first seven letters of the alphabet. 
Thus for the year 1920, by this rule, you would obtain the Dominical letter as C 
and this would be the Dominical letter for the last ten months of the year. The 
Sunday letter for January and February of this year would be the next letter, 
which is D. 

As an example under the above rule, let us see upon what day of the week 
the fourth of July, 1776, fell. To obtain the Dominical letter for 1776, divide 
the centurial number 17 by 4, and you have, as a remainder, 1. Twice this 
remainder is 2, 2 from 6 leaves 4, and 4 added to the odd number of years, 76, 
and to one fourth of 76, which is 19, gives 99. Divide 99 by 7 and subtract the 


1 The direct application of the rule holds only for the Gregorian Calendar or “New Style” 
dating; ‘‘Old Style ”’ dates must first be converted into ‘‘ New Style,” as is readily done. 
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remainder 1 from 7. The final remainder 6 represents the sixth letter of the 
alphabet which is F; and therefore F is the Dominical or Sunday letter for the 
last ten months of the year 1776; for 1776 was a leap year, and Uncle Zadock’s 
rule always gives you the Sunday letter for the last ten months of leap years. 
F being the Sunday letter for the last ten months of the year, and the letter for 
July always being G, it follows that July 1, 1776, fell on Monday and July 4 on 
Thursday. 

We may note that within a given century the first three steps in the process 
will always yield the same result. Thus in the nineteenth century there will 
always be two and in the twentieth century nothing to be added to the odd 
numbers and the fourth part of them. In applying this rule to any date within 
the present century, we may simply ignore the centurial number entirely and 
proceed with the fourth step in the rule. 


II. CONSTRUCTION OF THE REGULAR UNDECAGON BY A SEXTIC CURVE. 
By Cyrus B. Hatpeman, Ross, Butler County, Ohio. 


Consider the sextic 


x(a? + 3ay? + V— (b? + al) (1) 
= a’y® — + — 5aby® + Ya’y? — 5a*by + 


which will be real when b? + a! is negative, and the circle 
e+ y? = — 4a, (2) 


which will be real when a is negative. 
Eliminate 2 from (1) by means of (2). After expansion, reduction, and 
separation into factors, the result may be written in the form 


(yt + llay® + 44a?y’? + + 55aty® + + 2b)(a'y — 2b) = 0. 


By the transformation y = — 2s V— a, the first of these factors placed equal to 
zero gives the equation 
1ls — 220s? + 123285 — 2316s’ + 2816s° — 102431! = b 


and because 


11 sin A — 220 sin? A + 1232 sin’ A — 2816 sin’ A 
+ 2816 sin? A — 1024 sin" A = sin 114, 
we may take 


s = sin A, where sin 114A = 
av—a 
and get 


b 
y 2 a sin ll sin 
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— , b 
a sing; ( + sin 


b 
=2v-a sing ( 2x — — -) 
This solution indicates that the eleven intersections whose ordinates are the 
eleven real roots of the above-mentioned factor are the vertices of the regular 
undecagon required. 


The above factor of the eleventh degree may be resolved algebraically by 
the transformation y = x — a/x. The result is 


y= V— b+ Wet att Wat 
REMARKS BY THE EDITOR. 


The interest of this problem is not in the mere determination of a sextic 

through the vertices. it is easy to find a set of six straight lines through the 
eleven points, and to rotate the set about the origin to obtain the various posi- 
tions of the undecagon. The problem consists rather in the determination of a 
curve of the special type xY, = Ye, where Y; denotes a polynomial in y of degree 7. 
Now Y¢/Y¥4 is a rational function of y involving eleven constants, so that this 
may be looked upon as a case of Cauchy’s general problem of interpolation by 
rational functions.! The coefficients being determined as symmetric functions 
of the coérdinates of the vertices, we should, after simplification, have the equa- 
) tion (1). 
This would, however, be a tedious procedure, and the problem invites a 
more special treatment. Mr. Haldeman does not give the steps by which he 
was led to his sextic equation, though it would seem to be through some use of 
the formula giving sin 116 in terms of sin 6. It may also be derived from the 
formulas for 58 and 68, as the following remarks show. 

Let a regular polygon of 4n + 3 sides be inscribed in the circle x? + y? = c’, 


, and let one of the vertices have vectorial angle a. Then the vectorial angle @ 
of any vertex satisfies the equation 
cos {(2n + 1)@ — (4n+ 3)a} = cos (2n + 2)8, 
or 
cos (4n + 3)a cos (2n + 1)0 = cos (2n + 2)6 — sin (4n + 3)a sin (2n + 1)8. 
| Now cos (2n + 1)6/cos 6, cos (2n + 2)0, and sin (2n + 1)@ may be expressed ” 


as polynomials in sin 6 of degrees 2n, 2n + 2, and 2n-+ 1. Hence, on writing 
a/c for cos 6 and y/c for sin 6, we obtain an equation of the type 


LY on Yon+2, (A) 


which is equivalent to (1) when n = 2. 


1G. Boole, A Treatise on the Calculus of Finite Differences, London, 1872, p. 43. 
2 E. W. Hobson, Plane Trigonometry, edition 2, Cambridge, 1897, pp. 104-106. 
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Equation (A) is the general equation of a curve of degree 2n + 2 having at 
infinity a point of multiplicity 2n + 1, whose 2n + 1 tangents are the line at 
infinity and 2n lines parallel to the z-axis. Such a curve is uniquely determined 
when ¢ and a are given. The positions of the asymptotes Y2, = 0 are inde- 
pendent of a. 

It is not difficult to trace the changes in the form of the curve as a varies. 
It makes 4n + 4 real intersections with the circle, the extra point having a 
vectorial angle — (4n+ 3)a. This extra point always crosses an asymptote 
at the same time as a vertex crosses the same asymptote on the opposite side of 
the circle, and the curve then becomes composite, the asymptote being a part of 
the curve. When no vertex is on an asymptote, the strips into which the asymp- 
totes divide the plane contain two vertices each, one to the right and one to the 
left, except that the strip containing the extra intersection contains three vertices. 
This strip also contains (if a # + 7/2) the only point on the curve where the 
tangent is parallel to the y-axis. When a = + 7/2 (that is, when in equation (1) 
2 = — a'!), the curve becomes six straight lines. 

To obtain similar results for a regular polygon of 4n + 1 sides (as in Mr. 
Haldeman’s former article on the pentagon) we may start from the equation 


sin {2n8 — (4n+ l)a} = — sin (2n+ 1)8, 


and proceed in very much the same way. 

An equally simple type of curve (for a polygon of m sides) is tY¥ma = Ym, 
that is a curve of degree m with m — 1 asymptotes parallel to the x-axis and one 
parallel to the y-axis. To get this, we use, if m = 4n + 3, the equation 


sin {(2n + 1)6 — (4n+ 3)a} = — sin (2n + 2)6; 
and, if m = 4n + 1, the equation 
cos {2n8 — (4n+ l)a} = cos (2n + 1)8. 


Ill. A GENERALIZATION OF THE PYTHAGOREAN THEOREM. 


By J. Rosensaum, Bloomfield, Conn. 


There is a given angle XOY, and a given number n, and we look for pairs of 
points, P and Q on OX and OY respectively, such that 


PQ" = PO" + 

When the given angle is a straight angle or a right angle, such a pair of points 
does not exist unless n = 1 or n = 2, respectively, and for these values of n any 
pair of points will satisfy the condition. Conversely, if n = 1 or n = 2, there is 
no solution unless the angle is a straight angle or a right angle respectively, and 
for these angles any pair of points willdo. Furthermore, for n such that 0=n<1 


there is no solution, because then the condition would require either that PQ be 
greater than PO + OQ, or that 1 be equal to 1 + 1. 
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We shall accordingly confine our attention to values of n greater than 1 and 
different from 2. (Solutions also exist for negative n’s but we shall not consider 
them here.) 

It is easy to prove that if P;, Q; is a pair of points satisfying the condition, 
then all pairs of points P, Q, such that triangles POQ (or QOP) and P,0Q; are 
similar, will also satisfy the condition. In accordance with the terminology 
used in algebra, we shall refer to solutions of that kind as dependent. Since we 
are looking for independent solutions, we can denote PO by 1, and OQ by z. 

From the required condition together with the law of cosines, we obtain 


+ 1)?" = 2? + 1 — 22z, where z= cos XOY. (1) 
Solving for z, 


z = f(x, n). (2) 


1— 1)" 


We notice that f(z, n) = f(1/z, n) which means nothing more than this: if in 
triangle POQ PQ" = PO" + 0Q", then there is a point Q’ on OY such that 
PQ” = PO" + 0Q", where 0Q’ = (1/0Q). The triangles POQ and Q’OP are 
similar, so that the pairs of points P, Q and P, Q’ are not independent. 

In what follows we shall endeavor to prove that the converse is also true; 
i.e. if f(a1, n) = f(a, n), then = (1/2). This will say that if P,Q and P, Q’ both 
satisfy the condition the triangles POQ and Q’OP are similar; i.e. for every given 
angle excepting for a straight angle or a right angle there is no more than one 
independent solution. This will be accomplished by proving that for any given 
n > 2,f is a decreasing function of x for all z > 1, and that for any given n between 
1 and 2, f is an increasing function of z for all x > 1. 

Differentiating (2) with regard to 2, 


dx 


It is this derivative which we wish to prove is either always positive or always 
negative for x > 1. 
Since z is to take on all values greater than 1, and since n is positive, we can 
make the substitution 


The numerator of the right-hand member of (3) now becomes 
This equals (y + 1)~?"-¢(y, n), where 
o(y, n) = — — (4) 


We may disregard the factor (y + 1)~? because y is positive, and it is only a 
question of whether dz/dz is positive or negative. 
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Differentiating (4) with regard to n, we have 
= — 1)" log + 1) + Dy?" log y 


= + Dy — + 1) 


where ¥(y) = (y — 1)“'y®@™" log y. 

For n = 1, ¥(y) = (y log y)/(y — 1). This is an increasing function of y 
for all values of y > 1, as may be proved by differentiating it and then differentia- 
ting the numerator of its derivative. 

Therefore 0¢/dn > 0 for n = 1. 

For n = 2, ¥(y) = (log y)/(y — 1); which is found in the same way to be a 
decreasing function of y for all values of y > 1. 

Therefore 0¢/dn < 0 for n = 2. 

If we equate 0¢/dn to zero, putting ¥(y + 1) = (y), and take the logarithms 
of both sides, we shall obtain a linear equation in n, satisfied by only one value of 
n for any given value of y. This value of n comes between 1 and 2 and, as 
o(y, 1) = o(y, 2) = 0, it follows that $(y, n) is positive when n lies between 
1 and 2, and negative when n > 2, and therefore that f is an increasing function 
of x in the former case and a decreasing function of z in the latter case. 

When zx = 1, f= 1—2°™/" and asf represents cos XOY, we have the 
following results: 

(1) For any given n > 2, and for a given angle XOY, there exists one and only 
one independent pair of points P, Q on OX and OY, respectively, such that PQ” 
= PO" + 0Q", provided the angle XOY satisfies 


arc cosine (1 — 2-"—/") = XOY = 90°; 


otherwise such a pair of points does not exist. 
(2) For n between 1 and 2, and for a given angle XOY there exists one and only 
one pair of points satisfying the condition, provided the angle XOY satisfies 


arc cosine (1 — 2°-™/") = XOY = 90°; 


otherwise there is no pair of points to satisfy the condition. 

(3) In either case this range decreases as n approaches 2, condensing to a single 
angle 90°, but for 90° any pair of points is a solution and there is no limit to the 
number of independent solutions. 

We can also state now this theorem: 

If two triangles have an angle of one equal to an angle of the other, and if in each 
triangle the n-th power of the side opposite is equal to the sum of the n-th powers of 
the other two sides, then, for n greater than 1 and different from 2, the triangles are 
similar. 

IV. Notre on TRIGONOMETRIC FUNCTIONS. 
By Exuisau Swirt, University of Vermont. 
Mr. R. S. Underwood’s note in this Montuty, 1921, 374 (see also 1922, 255, 


346), concerning the irrationality of certain trigonometric functions, leads me to 
supplement his statements in one particular. 


i- 
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We call the sine and cosine transcendental functions and one might assume 
that their values as given in the usual table were, for the most part, transcendental 
numbers. So far from that being the case, none of the values of the natural 
functions listed in the usual trigonometric table are transcendental. 

The proof is immediate. The angles whose functions are listed are all com- 
mensurable with 7, being given in degrees and fractions of degrees. But if 
6 = mr/n, where m and n are integers, then sin n? = sin mz = 0. But there is 
a well-known formula giving sin n@ as a rational algebraic function of sin @, if n 
is odd, or of sin @ and cos 0, if n be even. In the latter case the equation may be 
rationalized in sin 6, and in either case on substituting zero for sin n@ we find that 
sin @ satisfies a rational algebraic equation with rational coefficients and is con- 
sequently an algebraic number. The fact that the values of the other trigono- 
metric functions of @ are algebraic follows from the formulas connecting them 
with the value of sin 6.! 


VY. S Lope or A CuRVE IN PoLAR COORDINATES AT THE POLE. 
By H. J. Erruincer, University of Texas. 


The pole is an exceptional point in polar codrdinates. For example to every 
point in the plane, except the pole, there corresponds one pair of codrdinates, 
(p, 0), p > 0 and 0 = 6 < 2. Conversely to each pair of such numbers there 
corresponds one point in the plane. The pole, however, corresponds to the 
single codrdinate p = 0 and conversely. 

At the pole, this fact produces a singular situation with respect to the slope 
of a curve, p = f(@) or 6 = F(p), which passes through it. At an ordinary 
point, the slope of the tangent is given as m = tan ¢, where g = 06+ Wand yis 
the angle formed by the tangent at P with the radius OP. By the usual method, 
we find 

do. 


(1) 


At the pole this equation yields y = 0 and hence 
p= 6. (2) 


To give a meaning to 0 at p = 0, we consider a point P on the curve whose 
codrdinates are (Ap, 0). As Ap approaches zero, if @ approaches a limit 4, this 
is the direction of the tangent to the curve at the pole. This justifies equation (2). 
To find this value of 4, we solve f(@) = 0 or 4) = F(0), where F(p) is supposed 
continuous for p = 0. If the equation of the curve is so defined that to each 
value of p there corresponds only one value of 8, the slope of the tangent at the 
pole is uniquely determined as 


m = tan 4. 


1On the other hand, any angle whose radian measure is a rational number does have trans- 
cendental numbers for the values of its trigonometric functions. See F. Klein, Famous Prob- 
lems of Elementary Geometry, translation by Beman and Smith, Boston, 1897, p. 77. 
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RECENT PUBLICATIONS. 
REVIEWS. 


First Course in the Theory of Equations. By L. E. Dickson. New York, John 

Wiley and Sons, 1922. 8vo. 6+ 168 pages. Price, $1.75. 

Elementary algebra like elementary physics is less a single subject than an 
aggregate of distinct sciences loosely related by analogy of material and method. 
Even when the scope is restricted as here to the theory of equations, there need 
be no obvious continuity in the range of topics covered. The textbook under 
review is devoted to the customary questions together with a few important 
additions. The particular sequence followed is satisfactory but perhaps no 
better than any one of a dozen other possible arrangements of the same material. 
There is an unevenness in the book that is inherent in any such aggregation of 
separate studies. Some chapters are concrete to the extent that details of tech- 
nique will occupy most of the student’s attention, while other portions are so 
abstract that only the author’s careful exposition and fortunate selection of proofs 
for exercises saves the subject from being entirely beyond the reach of the ele- 
mentary student. Just what is to be regarded as elementary and what as 
advanced is perhaps more a question of the manner and style of exposition and 
the character of the previous preparation of the student than an inherent feature 
of the subject itself. For example, certain treatises on the calculus are surely 
beyond the grasp of the college freshman, while other treatments are perhaps 
ideal material for first-year work at institutions of high grade. Part of the diffi- 
culty that many of the less alert students are sure to find in a course based upon 
this or any similar book lies in the very instability of the problem, if one may 
venture so harsh a figure. No sooner has one point of view been attained than 
an entirely new line of investigation demands a change of attitude. The reviewer 
feels that many plodding students would find it easier to follow a suitable, con- 
nected course in even such a subject as the Galois theory, regularly regarded as 
advanced, than a course such as this which is more traditional but less unified. 
He would raise the question as to whether the investigation of numerical approxi- 
mations to the roots of an algebraic equation here featured does not fit more 
readily into a course on numerical methods (a course which might develop the 
theory of least squares, interpolation, and numerical integration) than into a 
discussion devoted to such items as the representation of any symmetric function 
in terms of the elementary symmetric functions, and the impossibility of trisecting 
a general angle under the usual restrictions on method. However, traditional 
reasons will render this particular selection of subject matter acceptable to many 
teachers who may not be enthusiastic over the new material but who would miss 
any topic now included had it been omitted from this but not from older works. 

The chapter headings! give a fair idea of material embraced in this text, but 


11: Complex numbers, 1-10; II: Elementary theorems on the roots of an equation, 11-28; 
III: Constructions with ruler and compasses, 29-44; IV: Cubic and quartic equations; their 
discriminants, 45-54; V: The graph of an equation, 55-70; VI: Isolation of the real roots of a 
real equation, 71-85; VII: Solution of numerical equations, 86-100; VIII: Determinants, 
systems of linear equations, 101-127; IX: Symmetric functions, 128-142; X: Elimination, 
resultants and discriminants, 143-154; Appendix: The fundamental theorem of algebra, 155-158. 
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fail to suggest the surprising richness of content and elegance of proof that mark 
the entire work. It is seldom that an American author succeeds in incorporating 
so much solid information in an elementary text of this size. This has been 
accomplished by careful discussions, judicious illustrative examples, and a relega- 
tion of all subsidiary material to exercises. The exercises in fact constitute a 
significant part of the work. Few of them are extremely hard and none are 
trivial. They may come as a shock to students fed on the sort of drill so common 
in freshman texts consisting of nothing but substituting numbers in literal 
formulas. They will require much more class-room discussion but the hints 
that are given should bring them within the range of well-prepared students. 

Instructors who have used the author’s Elementary Theory of Equations with 
undergraduates will find much familiar material here. They will note some 
corrections (for example, the author here defines the minor of a general deter- 
minant, while in the other book the definition was only to be inferred from a 
special case), but the most grateful feature is the revision and simplification of 
the subject matter and the very greatly enriched discussions. The work is 
indeed distinctly simplified and without any serious loss in completeness. Most 
of the interesting technical details that have been omitted for the sake of simpli- 
fication are referred to in footnotes. 

Fledglings are notoriously incapable of long flights. Any discussion which 
requires the student’s consecutive attention for more than a page of distinct 
logical steps unrelieved by illustration or summary, exhausts and almost elimi- 
nates most students and is pedagogically indefensible. The individual items 
may be clear and simple but a many-linked chain of reasoning may easily drag 
down a student and can seldom support him. The most serious pedagogical 
criticism of the book lies in the failure to provide breathing spaces in one or two 
of the more extended discussions (for example, in paragraph 31, “Cubic equations 
with a constructible root’’). Complicated statements of theorems tend to be 
meaningless for most students, but this difficulty is usually inherent in the subject, 
and the manner of exposition is not to be criticized. (Compare, page 81, “If 
the discriminant A of 24+ gz?-+ rz + s = 0 is negative, there are two distinct 
real roots and two imaginary roots; if A> 0, q <0, L > 0, four distinct real 
roots; if A > 0 and either gq = 0 or L = 0, no real roots.” Here L = 8qs — 2¢8 
— 9r*.) 

But whatever the objections one may raise, there is no doubt that the book 
can be used with profit in classes with sophomores. The poorest students cannot 
fail to acquire much important and interesting information, and good students 
will have their eyes opened to many fruitful fields of mathematical thought. 
At all stages the book hints of other unexplored territories and is as suggestive 
an incitement to the ambitious beginner as could be asked. There is no need to 
dwell upon the logical neatness with which the author usually succeeds in saying 
exactly what he intends. All through the subject of algebra there are scattered 
pitfalls for the unwary and few texts are not guilty of laxity if not of deliberate 
error in the statement of definitions or theorems. The most delightful element 
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of this book is that the statements made do not require modification by implicit 
restrictions to be inferred from the context. The more fundamental the notions 
used, the more satisfactory is the clearcut language. We need more texts like 
this in America, books that can be used in every college, but which represent from 
elementary aspects the finest of mathematical scholarship. 

A few minor infelicities may be mentioned: A complex number is discussed 
under two distinct representations. The less common is called explicitly (page 
3) “the trigonometric form,” while the other remains unnamed. Immediately 
after emphasizing the fact that a complex number has many amplitudes differing 
by integral multiples of 360°, the term, “the amplitude” is used without a hint 
as to which one is “the amplitude.” The terms, “linear factor” and “factored 
form” are defined in the quadratic case, while the terms are then employed in 
connection with the general polynomial without further discussion. A product 
constituting a polynomial is called the factored form of an equation. In connec- 
tion with mathematical induction the author speaks of “changing n into n + 1.” 
The phrase, “upper limit to the real roots”’ is defined as a single concept without 
any inquiry as to the meaning of the word, “limit,’”’ or the sense of “upper,” 
but in the exercises, the words “lower limit”’ are mentioned casually as though 
then familiar to the reader. ‘The numbers (10) are known as Cardan’s Formu- 
las.” The discriminant, after being defined in general on page 47, is redefined for 
the quartic on page 51. “A point on the graph at which the tangent is both 
horizontal and an ordinary tangent is a bend point. .. .”” In the exercises on 
page 74 the letters must denote only real quantities although no such warning 
is given. But minor blemishes such as these and rare misprints do not seriously 
impair the usefulness of a simple but scholarly text. 

ALBERT A. BENNETT. 


Mathematical Philosophy. A study of fate and freedom. Lectures for educated 
laymen. By Cassius J. Keyser. New York, E. P. Dutton & Company, 
1922. 8yo. 14+ 466 pages. Price $4.70. 

In the preface of this book its author expresses the hope that these lectures 
may not be ungrateful to the following two classes of readers, among others: 

“To the growing class of such professional mathematicians as are not without 
interest in the philosophical aspects of their science. To the growing class of 
such teachers of mathematics as endeavor to make the spirit of their subject 
dominate its technique.” 

The lectures were designed primarily for students whose major interest is in 
philosophy, but the present review is restricted to a consideration of the merits of 
the book for the two classes of readers just noted. Such readers will find in this 
volume much that is inspiring, much that they will enjoy to re-read, much that 
will be instructive and will lead them to look at subjects from a new point of view. 
Comparatively few of these readers will probably find here the enduring qualities 
of real mathematics, but they will find certain views which will extend their 
horizon as regards the nature and bearing of real mathematics and which will 
enable them to present their subject in a more popular form. 
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The mathematical knowledge presupposed on the part of the reader is limited 
to those facts about algebra, geometry and trigonometry which a capable 
student can acquire in one collegiate year, but the more mature student of 
mathematics will evidently read with much more insight the chapters on such 
subjects as transformation, invariance, the group concept, variables and limits, 
infinity, hyperspace, and non-euclidean geometries. In fact, certain parts of the 
chapters just noted cannot be read with much satisfaction by mathematical 
students whose maturity is below that of the ordinary beginning graduate, but 
the less mature student is likely to be attracted by the style to read many things 
that he does not fully comprehend, and such reading is sometimes very profitable. 

The first mathematical subject which receives serious attention is the postu- 
lates of geometry. The second lecture is explicitly devoted to this subject and 
in several of those which follow the same subject is more fully elucidated in a 
masterly manner. This does not imply that the critical mathematical readers 
will agree with the author as regards all the details. In particular, some of these 
readers will doubtless disagree with the following definitions found on page 114. 
“What I wish now to say is that any geometry built upon a postulate system 
containing Euclid’s parallel-postulate, or its equivalent, is called Euclidean, 
however widely it may differ in other respects from Euclid’s Elements; and, 
correspondingly, any geometry, like that of Lobachevski or that of Riemann, 
whose postulate system contains a contradictory of Euclid’s parallel-postulate, 
is said to be non-Euclidean, no matter how much it may be like Euclid’s Elements 
in other respects. Such are the specific and more usual senses in which these 
familiar adjectives are employed in the literature of geometry.” 

Many mathematicians would doubtless have substituted for this definition 
of euclidean geometry one based on the group concept as is done, for instance, on 
page 344 of tome 3, volume 1, of the Encyclopédie des Sciences Mathématiques. 
It is true that in the early period of the development of non-euclidean geometry 
only one geometry besides the euclidean seemed possible, as is also stated on 
page 3 of this encyclopedia, and the definitions quoted above have been exten- 
sively used. In fact, Professor Keyser would probably not wish that all his 
readers should agree with him in every case. His object seems to have been a 
higher one, as he dared to speak of many things in regard to which differences of 
opinion can normally be expected and in regard to which he did not claim expert 
knowledge. Some of his observations even on these subjects are valuable as the 
present writer can testify after re-reading the chapter of 33 pages on the group 
concept. 

The teachers of mathematics who are mainly interested in enlarging their 
technical knowledge will doubtless find other books more helpful than the one 
under review, but those who are looking for a lucid exposition of some of the 
fundamental notions of mathematics, especially as regards their presence in other 
fields of human interest, will find here a richness which they cannot well afford to 
miss. Professor Keyser has for a long time stood at the head of American 
mathematicians as regards a certain type of popularization of mathematics, and 
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the present volume seems to embody his most significant efforts in this direction 
thus far. We hope others may follow for our subject needs popularization as 


may be seen from some of the attacks thereon. 
G. A. 


Stereometrie. By Kart Roun, with an introductory note by Kern. 
Leipzig, Robert Noske, 1922. xvi+ 188 pages. Price in Germany, $1, 
American currency. 

This work was substantially ready for publication at the time of Professor 
Rohn’s death, in August, 1920,! the necessary completion of the manuscript in 
minor details having been done by his friend and former pupil Dr. Friedrich 
Wiinschmann. Dr. Rohn was himself a pupil of Professor Klein, and the latter, 
in his appreciative introduction, speaks highly of his skill in the field of geometry. 

The work sets forth in succinct form the essential features of modern pro- 
jective geometry with respect to solids, thus extending the ordinary treatment of 
the projective properties of figures in a plane to those of three dimensions. It 
begins with a review of plane geometry (50 pages) and then considers the sphere, 
cylinder, and cone, proceeding later to the properties of conic sections and other 
plane figures in space. 

The work shows a return to the better type of German bookmaking of pre- 
war days and will be welcomed by students of modern geometry as an aid to 
their advanced work in this field. 

Davin EvGENE SMITH. 


NOTES. 


Professor SOLOMON LErscHeTz, of the University of Kansas, is now one of 
the collaborators on the Bulletin des Sciences Mathématiques, Paris. In the issue 
for December, 1922, pages 417-424, the three reviews of recent publications are 
by him. They are of L. Sirperstern, The Theory of General Relativity and 
Gravitation, University of Toronto Press, 1922; G. C. Evans, Functionals and 
their Applications, American Mathematical Society, 1918; and O. VEBLEN, 
Analysis Situs, American Mathematical Society, 1922. 

The Bulletin des Sciences Mathématiques for December, 1920 (series 2, volume 
44) devotes forty-one pages (297-337) to a review by E. Cartan of Sir THomas 
Murr, The Theory of Determinants in the Historical Order of Development, volumes 
1-3 (London, 1906, 1911, 1920, see this Montuty, 1920, 419). In this review an 
account is given chapter by chapter of the contents of the three volumes, bring- 
ing the history of determinants down to 1880. The reviewer points out how 
difficult it is in mathematics and in all branches of science to determine the 
paternity of any important theorem or discovery, and the inestimable value of 
the work of Sir Thomas in securing for us this information in the case of 
determinants. 


1 See this Monruty, 1921, 43. 
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The Bulletin of the Calcutta Mathematical Society has been published con- 
tinuously since April, 1909, and the third number of volume 12 was issued in 
December, 1921. The first volume of a new periodical, Journal of the Department 
of Science, was published by the University of Calcutta in 1919. The first part 
of 70 pages was devoted to papers in Chemistry; the second of 208 pages to 
papers in Mathematics; then Physics (43 pages) and Botany (5 pages). The 
14 mathematical papers dealt almost wholly with topics of applied mathematics. 
The second volume of the Journal, 1920, contained Mathematics (186 pages, 
17 papers), Physics (91 pages), and Botany (36 pages); the third volume, 1921, 
Mathematics (236 pages, 20 papers), Physics (54 pages), and Botany (8 pages). 
In the later volumes there were several papers on pure mathematics: for exam- 
ple, “Origin of the Indian cyclic method for the solution of Nz? + 1 = y*”’ (vol- 
ume 2, 69-76), “A note on Whittaker’s formula for the solution of algebraic or 
transcendental equations” (volume 3, pp. 41-44). 

Just forty years ago appeared a memoir of Augustus DE Mora@an (1806- 
1871) with a selection from his correspondence, and a fairly complete list of his 
publications; it was prepared by his wife Sophia (Frend). De Morgan was one 
of seven children and he had seven children himself. His eldest son was William 
Frend De Morgan (1839-1917), artist, potter, inventor, and finally, at the age of 
67, novelist; he was the author of Joseph Vance (1906), Alice-for-Short (1907), 
Somehow Good (1908), and other notable books. “I paid no heed,” he said, “to 
the wisest and best man I have ever known—my father, of course—and went 
my own headstrong way. . . I went my own way and wasted an odd forty or 
fifty years.” “If you work hard, Willy,” his father had said to him, “you will 
live to write something worth reading.” To her list of delightful biographies, 
Mrs. Anna M. W. Stirling has now added: William De Morgan and his Wife 
(New York, Holt, 1922). The mathematician will naturally turn with interest 
to this volume where, among other things, there is new information concerning 
Augustus De Morgan’s Anglo-Indian ancestry. 

The third and last part (15 + 945-1509 pages) of Jahrbuch iiber die Fort- 
schritte der Mathematik, volume 45, for 1914-1915, was published in September, 
1922; compare 1920, 268, and 1921, 315. The price of this part for Germany is 
(November, 1922) 920 marks; for the United States, $7.30 plus cost of postage 
and packing. The publishers, Vereinigung wissenschaftlicher Verleger, Berlin, 
demand $20.95 for the complete volume of 1524 pages. For volume 42, 1211 
pages, published before the war and on far better paper, the price was $9.25. 
In the list of over one hundred “Mitarbeiter” for volume 45 is the name of 
Professor W. C. GrAuSTEIN of Harvard University. 

The notable list of works in Teubner’s “Sammlung von Lehrbiichern auf dem 
Gebiete der mathematischen Wissenschaften mit Einschluss ihrer Anwendungen” 
is well known; but except for Pringsheim’s Vorlesungen iiber Zahlenlehre, 
1916-1921, no works have lately been added to this series. The leading 
publisher of new mathematical works in Germany now is Julius Springer of 
Berlin. He has recently started to issue a series of works under the general 
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heading “Die Grundlehren der mathematischen Wissenschaften in Einzeldar- 
stellungen.”’ The series is under the general editorship of Professor RicHarD 
CouRANT, Klein’s successor at the University of Géttingen, assisted by Pro- 
fessor WILHELM BLASCHKE, of the University of Hamburg, and Professors Max 
Born and Car RUNGE, of the University of Géttingen. At this date (November, 
1922) three volumes have appeared. I: Vorlesungen iiber Differential-Geometrie 
und Geometrische Grundlagen von Einsteins Relativititstheorie by W. BLASCHKE, 
1921, 10 + 230 pages. This is simply the first of three volumes and deals with 
the elements of the subject. An English translation will probably be published 
in England within a year. II: Theorie und Anwendung der unendlichen Rethen by 
K. Knopp, 1922, 10 + 474 pages. III: Vorlesungen iiber allgemeine Funktionen- 
theorie und elliptische Funktionen by ApotF Hurwitz, ergdnzt durch einen Ab- 
schnitt iiber geometrische Funktionentheorte by R. Courant, 1922, 11 + 399 pages. 
Professor Courant’s section occupies pages 245-392. The fourth volume of the 
series, also announced for 1922, is to be: Die mathematischen Hilfsmittel des 
Physikers by E. Maprefiunc. The volumes so far published are very valuable, 
exceedingly interesting, and issued in attractive form, on good paper, in both 
bound and unbound editions. It is to be hoped that Springer will not drive 
away American purchasers by extortionate charges such as he has recently made 
for Mathematische Zeitschrift. 

Among recent German publications are the following (the prices are those for 
Germany, and the dates of publication are 1922 unless otherwise indicated): 
L. BreserBacu, Differential- und Integralrechnung, vol. 1 (Teubner’s technische 
Leitfiaden, vol. 4). Leipzig, Teubner (6+ 132 pp. 24 marks)—L. BreBerBacu, 
Lehrbuch der Funktionentheorie, Band 1: Elemente. Leipzig, Teubner, 1921 
(6 + 314 pp. 70 marks)—H. Dinater, Relativitdtstheorie und Okonomieprinzip, 
Leipzig, Hirzel (77 pp. 30 marks)—H. Dour, Grundziige und Aufgaben der 
Differential- und Integralrechnung nebst den Resultaten, neu bearb. von E. Netto, 
16 Aufl. Giessen, Topelmann (2+ 214 pp. 24 marks)—A. Ernstern, Vier 
Vorlesungen iiber Relativititstheorie gehalten im Mai, 1921, an d. Universitit 
Princeton. Braunschweig, Vieweg (3+ 70 pp. 60 marks)—J. E. GERLacu, 
Kritik der mathematischen Vernunft. Bonn, F. Cohen (162 pp. 65 marks, bound) 
—A. Moszxowsk1, Einstein, Einblicke in seine Gedankenwelt. Gemein- 
verstiindliche Betrachtungen iiber die Relativititstheorie und ein neues Weltsystem. 
Entwickelt aus Gesprichen mit Einstein. 35-40th thousand. Berlin, F. Fontane 
(240 pp. 45 marks, bound)—G. Satmon- W. Frepiter, Analytische Geometrie 
des Raumes. Unter Mitwirkung von A. Brill neu herausgegeben von K. Kom- 
merell. Teil 1, Die Elemente u. d. Theorie d. Flichen zweiter Ordnung. 5. Aufl. 
Lieferung 1, Leipzig, Teubner (10+ 366 pp. 180 marks)—L. Scurutka, 
Elemente der héheren Mathematik fiir Studierende der technischen und Naturwissen- 
schaften. 2. verb. Aufl. Leipzig and Vienna, F. Deuticke, 1921 (30 + 635 pp. 
68 marks). 

This year marks the fortieth anniversary of one of the most distinguished of 
mathematical journals, Acta Mathematica. This periodical is of particular 
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interest to American scholars on account of its consistently international character 
and high scholarly standing. The recent outbreak of nationalistic jealousies 
renders of timely interest an account of the circumstances leading to the establish- 
ment of this famous quarterly. No small part of the popularity of the Acta 
Mathematica has been the prolific writings of Porncar&é that have appeared in 
its pages. 

To quote briefly from a prospectus, 

“The periodical was founded under the inspiration and with the active encouragement of 
the greatest mathematicians of that time: CHARLES HERMITE and Kart WEIERSTRASS. 

“Feeling deeply that mathematical science has a place which is independent of local and 
national points of view, these two pioneers in abstract thought were able to disengage themselves 
from the animosity, which the then recent war had quite naturally excited among the belligerents. 

“This animosity had been such as to threaten to break even the scientific ties between two 
great nations. CHARLES Hermite and Kart WEIrERsTRASS wished to reestablish these connec- 
tions as soon as possible, and gave as their opinion that mathematicians, whose subject was funda- 
mental in every other science, ought here to take the first step. . . . 

“A committee of the most noted mathematicians of the four Scandinavian countries assumed 
scientific control of the periodical, the first part of which was issued in 1882. The first page is 
illustrated by a reproduction of the only original portrait in existence of Nrets Henrik ABEL, 
the greatest mathematician of Scandinavia and the intellectual teacher—though not, it is true, 


through personal contact—of Hermite and Wererstrass. The periodical begins with the 
memoir: 


“*Théorie des groupes fuchsiens’ by the young and still unknown pupil of the ‘Ecole poly- 
technique’ and ‘Ecole nationale des Mines’ of France, Henri Poincaré (born in 1854, d. in 1912), 
he who during his short life was—as Pau PainLev& once said—‘le cerveau vivant des sciences 
rationnelles, mathématiques, astronomie, physique, cosmogénie, géodésie, l’inventeur incompa- 
rable qui a tout embrassé, tout pénétré, tout approfondi.’ 

“Nearly every one of the first 35 volumes of the Acta Mathematica (vols. 1, 2, 3, 4, 5, 7, 8, 
9, 10, 13, 16, 20, 21, 22, 26, 29, 31, 32, 33, 35) contains one or several memoirs by Porncarf, all char- 
acterized by the penetrating power of thinking, the genius for discovery, and the masterly insight 
into the greatest problems of science, on which Painlevé had dwelt. The works published by 
Poincaré in the Acta Mathematica occupy in all 1,468 pages.” 

Since our last report (1921, 316) concerning Publications of the Massachusetts 
Institute of Technology, “Contributions from the Department of Mathematics,” 
twenty parts (nos. 23-42, November, 1921—June, 1922) have been published. 
These parts contain articles by F. L. Hrrcucock, Josern Lipxa, C. L. E. Moore 
(2), H. B. (3), L. H. Rice (2), Gkorce Rutieper, J. S. Tay or, 
NorBEerT WIENER (5), S. D. ZELDIN (2), in addition to joint papers by F. L. 
Hircncock and N. Wiener, and J. L. WausH and N. WIENER, reprinted from: 
Bulletin of the American Mathematical Society (see 1922, 73), Comptes Rendus du 
Congrés International des Mathématiques & Strasbourg (1920, 440; 1921, 378), 
Journal of Mathematics and Physics (1921, 380-381), Proceedings of the London 
Mathematical Society, Proceedings of the National Academy of Sciences (1922, 
75-76). The papers not listed in the above references are as follows:—In the 
Journal, volume 1: “ Hyperquaternions” by Moore, 63-77; “Explicit determina- 
tion of Cotes’ coefficients for polynomial area” by Rutledge, 77-84; “A certain 
type of product and the combinatory analysis involved in its expansion” by 
Rice, 85-87; “The equivalence of expansions in terms of orthogonal functions”’ 
by Walsh and Wiener, 105-122; “Note on the normal planes to a surface in a 
space of four dimensions” by Moore, 147-156; ‘“Commutativity of contact 
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transformations of mechanics”’ by Zeldin, 157-159; “On the expression of the 
sum of any two determinants as a determinant of more dimensions” by Rice, 
160-166; “A new type of integral expansion”’ by Wiener, 167-176; and “ Note on 
Einstein’s theory of gravitation” by Phillips, 177-190. In Proc. Lond. M. S., 
new series, volume 20: “The group of the linear continuum” by Wiener, 329-346. 
In Proc. Nat. A., volume 8, 1921: “A solution of the linear matrix equation of 
double multiplication” by Hitchcock, 78-83. 


ARTICLES IN CURRENT PERIODICALS. 


AMERICAN JOURNAL OF MATHEMATICS, volume 44, no. 1, January, 1922: “An arith- 
metical dual of Kummer’s quartic surface’”’ by E. T. Bell, 1-11; ‘“Incidences of straight lines and 
plane algebraic curves and surfaces generated by them’ by A. Emch, 12-19; “On the theorems of 
Gauss and Green’”’ by V. C. Poor, 20-24; ‘An extension of the Sturm-Liouville expansion’”’ by 
C. C. Camp, 25-53; “Conformal transformations of period n and groups generated by them” 
by H. Langman, 54-86. 

L’ENSEIGNEMENT MATHEMATIQUE, volume 22, nos. 3-4, published July, 1922: “‘Familles 
additives et fonctions additives d’ensembles abstraits’’ by M. Fréchet, 113-129; ‘Sur les foyers 
rationnels d’une courbe algébrique’’ by P. Appell, 129-132; “Sur les foyers rationnels des courbes 
planes” by E. Turriére, 133-135; “Sur les tractrices et les courbes équitangentielles” by C. 
de Jans, 136-145; “Sur certaines identités géométriques et leur traduction algébrique by P. C. 
Delens, 146-152; “Sur le déplacement d’un point dans l’espace A n dimensions. Géométrie du 
n-édre” by G. Tiercy, 152-167; ‘Sur les formules de Lorentz” by B. Niewenglowski, 167-169; 
“Applications géométriques de la crystallographie’” (conclusion) by M. Winants, 170-194; 
“Déduction des dérivées de fonctions circulaires par la méthode géométrique des limites”? by B. 
Petronievics, 195-208; ‘‘Déduction géométrique de l’expression pour le rayon de courbure’”’ by 
J. M. Child and B. Petronievics, 209-214; ‘Camille Jordan (1838-1922)”’ by A. Buhl, 214-218; 
“Einstein au Collége de France’ by R. Wavre, 219-222; “Bibliographie”’ and “Bulletin biblio- 
graphique,”’ 228-248. 

Isis, volume 4, no. 2, 1922: “The teaching of the history of science” by G. Sarton, 225-249 
(“What is the present status of the teaching of the history of science in European and American 
universities? The lists and announcements of courses which have been published in various jour- 
nals, may give the reader a very misleading impression. For these lists are many and some are 
quite long, but most of it is mere bluff. For example, many such courses have been extemporized 
in America, but, with one exception (Casort), I do not know of any course delivered by a lecturer 
having the rank and emoluments of a professor and devoting himself exclusively to it. To be sure, 
some of these courses offered as a ‘side show’ by scholars whose main businessis to study and to teach 
something totally different, may be very interesting. . . . We owe some of the best work in every 
field to the capricious efforts of dillettanti, but we can never depend upon ‘them and we must of 
necessity expect the main advances in knowledge to be made by men whose sole duty is to make 
them and who give their every thought to it. . . . The history of science is a historical discipline; 
it is also a scientific discipline. The historian of science must have a sound knowledge of two 
sets of facts: historical facts and scientific facts. . . . Historical and scientific errors must be 
equally avoided, but many historical errors are only venial offences, while the scientific errors 
are deadly sins. The former, indeed, imply merely a misapprehension of the accessory circum- 
stances, while the latter prove that the very substance of one’s investigations has not been under- 
stood.”’]; ‘L’enseignement de la mécaniqu2 en France au XVII° siécle” by P. Boutroux, 276-294; 
“The development of trigonometric methods down to the close of the XVth century. (Witha 
general account of the methods of constructing tables of natural sines, down to our days)”’ by J. D. 
Bond, 295-323. 

MATHESIS, volume 36, July, 1922: “ Nouveaux triangles spéciaux”’ by J. Neuberg, 257- 
259 [“L’Index du Répertoire bibliographique des Sciences mathématiques contient la rubrique: 
Triangles spéciaux. a. Triangle isoscéle. 6. Triangle équilatéral. c. Triangle rectangle. Il y 
manque évidemment la division: d. Autres triangles spéciaux. En effet, est nombreuse la liste 
des triangles particuliers que l’on recontre dans la Géométrie récente du triangle; elle fournit de 
bons exercices et d’intéressants sujets d’étude.’’]; “Sur la vie moyenne d’une obligation” by A. 
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Claeys, 260-261; ‘Sur l’isopéle d’une droite par rapport 4 un triangle”’ by C. Servais, 262-268; 
“Sur l’equation 2? + px + q = 0” by M. Sterkens, 269-270; “Sur le point de Feuerbach” by 
P. de Lépiney, 271-274; ‘‘Remarques sur |’ ‘Arithmetique’ de Stmon Stevin”’ (continued) by 
H. Bosmans, 275-281; “Sur les points 9, ¢a, by R. Deaux, 282-285, “Notes mathé- 
matiques,’’ 286-291; Questions and Solutions, 291-304. 

THE MONIST, volume 32, no. 1, January, 1922: “The relation of space and geometry to 
experience’’ by N. Wiener, 12-60—No. 2, April: “The relation of space and geometry to exper- 
ience’”’ by N. Wiener (continued), 200—-247—No. 3, July: ‘The relation of space and geometry 
to experience’ by N. Wiener (conclusion), 364-394. 

NATURE, volume 110, July, 1922: Review by W. E. H. B. of C. Tweedie, James Stirling 
(Oxford, 1922), 111—August 12: “The elliptic logarithmic spiral” by H. S. Rowell, 214— 
August 26: Review of H. Malet, Etude géométrique des transformations birationnelles et des courbes 
planes (Paris, 1921), 276—September 2: Review of P. Humbert, Introduction 4 l'étude des fonctions 
elliptiques (Paris, 1922), 308. 

THE OBSERVATORY, volume 45, August, 1922: ‘Herschel’s world-view in the light of 
modern astronomy”? by H. Macpherson, 254-261; ‘Jacobus Cornelius Kapteyn,’’ 261-265; 
“From an Oxford note-book,” 271-272 [Reminiscences of Kapteyn]—September: ‘Memorial to 
Sir Norman Lockyer,” 277-280; ‘‘Flamsteed’s letters to Richard Towneley”’ by J. L. E. Dreyer, 
280-294; Review by H. Jeffreys of H. Weyl, Space—Time—Matter (London, 1922), 297-301. 

PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES OF THE U.S. A., volume 7, 
November, 1921: ‘On the approximate solutions in integers of a set of linear equations’”’ by 
H. F. Blichfeldt, 317-319—December: ‘Group of isomorphisms of a transitive substitution 
group” by G. A. Miller, 325-328; “Einstein static fields admitting a group G2 of continuous 
transformations into themselves’’ by L. P. Eisenhart, 328-334; ‘Geometric aspects of the Abelian 
modular functions of genus four (II)” by A. B. Coble, 334-338—Volume 8, January, 1922: “The 
Riemann geometry and its generalization’’ by L. P. Eisenhart and O. Veblen, 19-23; “Ricci’s 
principal directions for a Riemann space and the Einstein theory’’ by L. P. Eisenhart, 24-26; 
“Note on the definition of a linear functional’’ by C. A. Fischer, 26—-29—March: “On the relation 
of a continuous curve to its complementary domains in space of three dimensions” by R. L. 
Moore, 33-38—April: “A solution of the linear matrix equation by double multiplication’ by 
F. L. Hitchcock, 78-83—June: ‘“On the location of the roots of the derivative of a polynomial” 
by J. L. Walsh, 139-141—July: ‘Normal coordinates for the geometry of paths” by O. Veblen, 
192-197; ‘Principal directions in a Riemannian space” by J. L. Synge, 198-203; “Principal 
directions in the Einstein solar field” by J. L. Synge, 204-207; ‘Fields of parallel vectors in the 
geometry of paths” by L. P. Eisenhart, 207-212—August: “Spaces with corresponding paths” 
by L. P. Eisenhart, 233-238; ‘Number of substitutions omitting at least one letter in a transitive 
group” by G. A. Miller, 238-240—September: “The meaning of rotation in the special theory of 
relativity’? by P. Franklin, 265-268. 

REVUE GENERALE DES SCIENCES, volume 33, July 15, 1922: “La vitesse-limite de la 
lumiére et le finitisme’”’ by B. Petronievics, 401-402—August 15-30: “J. C. Kapteyn”’ by C. H. 
Hins, 449-450—September 15-30: “Pour servir 4 l’histoire de la nomographie’”’ by R. Soreau, 
518-523. 

SCIENCE, new series, volume 56, August 25, 1922: Review by G. A. Miller of C. J. Keyser, 
Mathematical Philosophy (New York, 1922), 229-230—September 1: “The algebraic method of 
balancing a chemical equation’’ by H. A. Curtis, 258-260—October 13: ‘The theory of numbers’”’ 
by G. H. Hardy, 401-405 [From the address given at the Hull meeting of the British Associa- 
tion for the Advancement of Science, September, 1922]; “An unusual solitaire game” by L. 
E. Dickson, 418-419; Review by G. A. Miller of W. F. Osgood and W. C. Graustein, Plane and 
Solid Analytic Geometry (New York, 1921), 420-421; ‘‘The American Mathematical Society”’ 
by R. G. D. Richardson, 423 [Report of the summer meeting held at Rochester, September 7-8, 
1922]. 

SCIENCE PROGRESS, volume 16, April, 1922: “Applied mathematics” by S. Brodetsky, 
517-527 [Recent advances in relativity, etc.]; ‘‘The Einstein theory of relativity’? by D. 
Laugharne-Thornton, 641-643—Volume 17, July: “‘Mathematics’’ by F. P. White, 1-12 [Recent 
advances]—October: ‘Mathematics’ by F. P. White, 173-180 [Recent advances]; ‘Applied 
mathematics” by S. Brodetsky, 180-190 [Recent advances in relativity, etc.]; Review of L. E. 
Dickson, First Course in the Theory of Equations (New York, 1922), 328-329. 
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ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UNTERRICHT, 
vol. 52, nos. 11-12, November 30, 1921: ‘Ueber ein Verfahren zur Veranschaulichung der Kon- 
vergenz unendlicher Reihen” by E. Dintzl, 249-253; ‘‘Direkte Herleitung des relativistischen 
Dopplerprinzips und der zeitlichen Lorentztransformation aus den nichtrelativistischen Glei- 
chungen Dopplers” by H. Meurer, 254-257; ‘‘Beweis des pythagoreischen Lehrsatzes mit Hilfe 
des Satzes von Menelaus”’ by J. Salachowski, 257-258; ‘‘Ein Modell zu den Siitzen des Ceva und 
des Menelaos” by E. Lipken, 258-259; “Die Simpsonsche Regel”’ by A. Witting, 259 [An espe- 
cially simple derivation of the rule]; ‘Ueber drei stereometrische Aufgaben”’ by W. Gaedecke, 
260-261; “Ein Nomogramm fiir die Zinseszinsformel” by P. Hauck, 261-263; “Ueber die 
mathematischen Bezeichnungen im Unterricht’? by W. Lietzmann, 266-267 [Synopsis of the 
recommendations of the (American) National Committee on Mathematical Requirements, con- 
cerning this topic]; ‘‘Biicherbesprechungen,’’ 269-282—Volume 53, nos. 1-2, January 20, 1922: 
‘Zur Entwicklung der mathematischen Erfindungsgabe”’ by P. Maennchen, 2-7; ‘“ Der Schenkel- 
Transversalensatz”’ by H. Dérrie, 8-14; ‘Herleitung der Lorentztransformation eines Lingen- 
abschnittes durch Vergleich der relativistischen mit den nichtrelativistischen Gleichungen des 
Dopplerprinzips” by H. Meurer, 15-17; ‘‘ Winkel an Gleichlaufenden” by C. H. Tietjen, 17-18; 
“Die Winkelmessung des Artilleristen’’ by P. Létzbeyer, 18-20; “Zur Konstruktion des Apol- 
lonischen Kreises” by E. Lipken, 20; ‘‘Dreikant und Polarkant” by C. Stengel, 21-22; “Zur 
Berechnung der Kugelfliche” by A. Czwalina, 22-23; ‘Der Kriimmungskreis in einem Punkte 
einer Ellipse” by G. Diem, 23-25; “ Aufgaben-Repertorium,”’ 25-31; “Die Internationale Mathe- 
matische Unterrichtskommission’”’ by W. Lietzmann, 31-33; ‘‘Die Mathematikerversammlung 
in Jena 1921” by W. Lietzmann, 34-35; “Biicherbesprechungen,”’ 41-51—Nos. 3-4, March 15: 
“Die Erbteilungsaufgaben bei Muhammed ibn Musa Alchwarazmi” by H. Wieleitner, 57- 
67; “Die Spiegelung als primitiver Begriff im Unterricht”? by H. Willers, 68-77; ‘‘Die 
Ermittlung der molekularen Gréssenordnung im Unterricht” by H. Hermann, 77-81; “Ein 
Paradoxon der Gravitation’ by H. Teege, 81-84; “Eine einfache W ahrscheinlichkeitsaufgabe 
die auf die Zahl e fiihrt’’? by W. Simons, 84-85; ‘“ Biicherbesprechungen,”’ 87-95—Nos. 5-6, 
May 12: “Die Spiegelung als primitiver Begriff im Unterricht” (conclusion) by H. Willers, 
109-119; “Verallgemeinerung der Cardanischen Formel” by K. Siemon, 120-126; “Die ver- 
schiedenen Methoden zur Lésung von Aufgaben der darstellenden Geometrie bei ungiinstigen 
Lageverhiltnissen”” by A. Baruch, 126-133; ‘Die Cheopspyramide als Fundgrube mathe- 
matischer Schulaufgaben’” by M. Zacharias, 133-135; Aufgaben-Repertorium,” 136-139; 
‘‘Bicherbesprechungen,”’ 146-150—Nos. 7-8, July 20: ‘Die Stellung der Mechanik zwischen 
Physik und Mathematik” by W. Lietzmann, 153-161; “Die verschiedenen Methoden zur 
Lésung von Aufgaben der darstellenden Geometrie bei ungiinstigen Lageverhiiltnissen” (con- 
cluded) by A. Baruch, 161-168; ‘‘Ableitung der sphirisch trigonometrischen Formeln aus der 
darstellenden Geometrie’”’ by A. Launer, 168-171; ‘‘Bandknoten” by W. Bastiné, 172-174; 
“Beitrag zur Behandlung der Siitze iiber die Winkel am Kreis” by W. Konig, 174-175; ‘‘Biicher- 
besprechungen,”’ 183-189. 


UNDERGRADUATE MATHEMATICS CLUBS. 


All reports of club activities should be sent to E. L. Dopp, Williams College, Williamstown, Mass. 
CLUB ACTIVITIES. 


THE GRINNELL CoLLEGE Matuematics Grinnell, Ia. 
[1922, 78.] 
The following meetings were held in 1921-1922: 
September 22, 1921: Business meeting. 
October 4: President’s inaugural address by Robert Hannelly ’23; “History of mathematical 
organization”’ by Professor R. B. McClenon. 
October 18: ‘Trisection of an angle” by Elizabeth Pace ’22. 
November 1: “Applications of arithmetic”? by Burton Jones ’23; “Einstein, his life and work” 
by Margaret Divelbess ’23. 
November 15: “Report of the Committee on Mathematical Requirements ’’ by Professor O. W. 
Albert; “Russian peasant method of multiplication’? by Ruth Boyce ’22. 
December 6: “Vibrafing strings’ by Raymond Weigen ’22. 
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February 14, 1922: ‘Mathematical requirements for agricultural study’’ by Louise Pinkerton ’22; 
“Leibnitz” by Robert Hannelly ’23. 

February 28: “Theorems about circles” by Vera Kreger ’24; “Properties of a triangle” by 
Professor H. Leypolt. 

March 14: “Repeating decimals” by Burton Jones ’23; ‘‘ Mathematical recreations” by Ethel 
Warnick ’24. 

April 25: “Map projections’? by Robert Atwater ’23; ‘Permutations and combinations” by 
Robert Hannelly ’23. 

May 9: “Nine-point circle” by Marian Piersol ’24; ‘Fourth dimension”’ by Ferrell Rodgers ’24; 
“Composition of an atom’ by Dr. Lloyd Taylor of the Department of Physics, University 
of Chicago. 

May 23: “Life and work of Descartes’’ by Evelyn Forthun ’24; “Work of Newton” by Harold 
Armstrong ’24. 

June 1: Picnic supper at the home of Professor McClenon. The following officers were elected 
for the year 1922-1923: President, Burton Jones ’23; vice-president, Beulah Mott ’24; 
secretary-treasurer, Edwin Kingery ’24. 


THe MATHEMATICS CLUB OF NORTHWESTERN UNIVERsITY, Evanston, IIl. 
[1919, 363.] 


The following officers were elected for the first semester of 1921-1922: Laura Hill, president; 
James Bronnenberg, vice-president; Mildred Giesecke, secretary; Lawrence Fenner, treasurer; 
Dr. H. B. Curtis, faculty adviser. 

During the first semester the following addresses were delivered: ‘Descartes’ rule of signs” 
by Professor D. R. Curtiss; ‘Conformal representation” by Dr. Curtis, instructor; ‘Least 
squares” by Laura Hill; “Coérdinate systems”’ by Professor E. J. Moulton; “The measurement 
of the earth” by Professor J. F. Hyford; ‘Line coérdinates” by Professor C. E. Wilder. 

The following officers were elected for the second semester: Elizabeth Bruschke ’22, president; 
Thomas Stitt ’23, vice-president; Esther Eisler ’22, secretary; Margaret Furrey, assistant in 
Mathematics, treasurer; Dr. Curtis, faculty adviser. 

During the second semester the following addresses were delivered: ‘‘ Astronomical survey- 
ing” by Professor P. Fox; “Computing machines” by Dr. I. Roman, instructor; “Things 
mathematical” by Dr. A. J. Snow, instructor in Psychology; ‘“ Applications of mathematics to 
chemistry”? by Professor W. J. Evans, of the Chemistry Department; ‘‘ Mathematics in Ancient 
Central America” by Mr. Sidney Huguenin, assistant; ‘‘ Mathematics according to scientists and 
philosophers” by Mr. Theodore Doll, instructor. 

The Club gave a Beach Party on May 20, 1922. 

(Report by Miss Bruschke.) 


Warre Matuematics Cius, UNiversity oF Kentucky, Lexington, Ky. 
[1921, 389.] 


March 9, 1921: “Magic squares” by Dewey Duncan ’22. 

March 16: ‘Early mathematical manuscripts of Leibnitz’’ by Mr. W. E. Payne, instructor. 

March 30: “Differential equations from the Lie viewpoint”? by Walter Armentrout, Gr. 

«April 6: ‘Mechanical devices for integrating differential equations of certain types” by Professor 

J. M. Davis. 

April 13: “Mathematical fallacies’? by Nelson Conkwright, Gr. 

April 27: “Some applications of vector analysis to the theory of twisted curves” by Professor 
E. L. Rees. 

May 25: “Some applications of mathematics to chemistry”’ by Eger Murphree, Gr. 

October 18: The following officers were elected: President, Professor Flora LeStourgeon; secre- 
tary, Professor H. H. Downing. 

November 1: ‘Relating to definitions, axioms, postulates, and assumptions”? by Dewey Duncan 
22. 

November 15: ‘Class and discrete sequences” by Mr. W. J. Brezler, instructor. 

November 29: “Time and its measurement”’ by Professor Downing. 

December 15: ‘‘Denumerable and non-denumerable classes’’ by Mr. R. V. Blair, instructor. 
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January 22, 1922: ‘Vector treatment of certain plane concurrences’’ by Professor Rees. 

February 10: “Why is it impossible to trisect an angle ?’”’ by Professor J. M. Davis. 

February 23: “The real positive number system” by Mr. G. A. Seubert, instructor. 

March 9: “How to read secret messages’’ by Professor P. P. Boyd. 

March 24: “Applications of inversion to geometrical constructions” by Nelson Conkwright, Gr. 

April 6: “Riemann surfaces for the function w = 23 + 3z” by Vada Nelson, Gr. 

April 20: “Van der Waal’s and related equations’”’ by Castle Foard, Gr. 

May 4: “Flatland” by Helen McGurk ’23. 

May 18: “Some applications of complex variables to hydrodynamics” by Leland Snoddy, Gr. 
(Report by Professor Downing.) 


Pr Mu Epsiton, UNIversiry oF PENNSYLVANIA, Philadelphia, Pa. 
[1922, 79.] 


In the fall of 1921, a chapter of Pi Mu Epsilon, the honorary mathematical fraternity, was 
established at the University of Pennsylvania, taking the place of ‘The Vinculum.” The follow- 
ing officers were elected: Director, Professor E. S. Crawley; vice-director, Dr. J. Minnick; secre- 
tary, Ella Rosentoor ’22; treasurer, Esther Bernstein ’23; librarian, Mabel Kessler ’22; executive 
committee, the officers, Thomas Benton ’23, and Edward Weyl ’23; scholarship committee, 
Professor F. H. Safford, Professor H. H. Mitchell, Thomas Benton ’23, Marion Bromily ’22 and 
Louisa Lotz ’22. 

The following papers were presented: 

November 18, 1921: ‘‘The numbers of Bernoulli’? by Thomas Benton ’23. 

December 16: ‘‘The area under the equilateral hyperbola” by Professor M. J. Babb. 

January 20, 1922: “ The solution of the inverse function’? by Perry Caris, Gr.; ‘Problems in the 
theory of numbers”’ by Professor Crawley. 

February 17: “The circulating decimal” by Enos Witmer, Gr. 

March 17: “The new Thorndike tests” by Professor Mitchell. 

April 21: New members were initiated. The following officers were elected: Director, Professor 
Crawley; vice-director, Professor Mitchell; secretary, Helen Lotz ’23; treasurer, Thomas 
Benton ’23; librarian, Marion Bromily ’22; executive committee, the officers, Esther 
Bernstein ’23, and Enos Witmer, Gr.; scholarship committee, Professor Safford, Mr. H. M. 
Gehman, instructor, Marie Wilhelmi ’22, Georgina Yeatman ’23, and Tobias Hahn, Gr. 

May 19: “Available standard tests and measurements” by Dr. J. T. Rorer, of the William Penn 
High School for Girls. Discussion was led by Professor G. G. Chambers. This was an open 
meeting to which all high-school teachers of mathematics were especially invited. 

(Report by Miss Lotz.) 


THE PENTAGRAM, University of Texas, Austin, Tex. 
[1921, 275.] 


The following officers were elected for the year 1921-1922: President, Mary Cook ’23; 
secretary, Lewis Vogelsang ’23; faculty adviser, Professor A. A. Bennett. The following papers 
were presented: 

October 20, 1921: “Rules of the game” by Professor Bennett. 
November 3: “Science and society” by Professor M. B. Porter; ‘Magic squares’? by Renke 

Lubben, Gr. 

November 17: Social meeting. 
December 1: “Logarithms” by Dean H. Y. Benedict; “Euclidean geometry” by Mr. C. M. 

Cleveland, instructor. 

January 18, 1922: “Algebraic equations” by William Whyburn ’23; ‘‘Mechanics of flying” by 

Professor H. J. Ettlinger. 

February 15: “Squaring a circle” by Carriella Bell ’23; “Fallacies of elementary geometry” 
by Professor R. L. Moore. 

March 22: “Vector addition” by Professor J. M. Bryant, of the Department of Electrical En- 
gineering. 

April 19: “Life and works of Newton” by Dr. Goldie Horton, instructor. 

May 10: “Synthetic methods”’ by Professor Bennett. 

May 18: Sixth annual banquet. Toasts on the advanced courses in mathematics. 

(Report by Mr. Vogelsang.) 
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Tue Pascat Trinity CoLLeGE, Washington, D. C. 
[1920, 425, 481.] 


The officers for the year 1921-1922 were: Honorary president, Professor Marie Cecilia 
Mangold; president, Mary Kelley ’22; vice-president, Martha Crowley ’22; secretary, Helen 
Ormond ’23; treasurer, Marguerite Dwyer ’24. The following meetings were held: 

October 18, 1921: Business meeting. It was decided that a period of probation of three months 
be set during which candidates for admission into the circle must maintain high rank in some 
class in college mathematics. 

November 15: “Life and accomplishments of Blaisé Pascal” by Mary Kelley ’22; ‘‘ Number 
games” by Marie Costello ’22. 

December 6: Supper party to welcome the new members. An original mathematical entertain- 
ment including a one-act comedy “A Trinity Triangle,’ songs, recitations, toasts, with 
mathematical terms applicable to each member. Attractive menu cards were designed by 
Martha Crowley ’22. 

February 7: ‘“Einstein’s laws of gravitation and relativity”’ by Martha Crowley ’22. 

March 14: “David Eugene Smith’s address on ‘Religio Mathematici’’”’ by Elizabeth Herbert ’22. 
Paper folding, and catch problems in algebra. 

April 4: “Short methods” by Professor Mangold. Discussion of ‘‘The clock problem’’ and 
“The age problem.” 

May 2: “The computation of the calendar, with special reference to Easter as an immovable 
feast’”’ by Carol O’Brien ’22. 

May 29: The following officers were elected for the year 1922-1923: President, Margaret Kelly 
’23; vice-president, Margaret McAuliffe ’23; secretary, Agnes Perrot ’24; treasurer, Anna 
Foley ’25. 

(Reported by Miss Kelley.) 


THE Maruematics CLuB OF WELLESLEY CoLLEGE, Wellesley, Mass. 


The Mathematics Club of Wellesley College was started in the spring of 1921, with member- 
ship limited to the members of the junior and senior classes taking elective mathematics. The 
following officers were elected for the ensuing year: President, Mary Hankinson ’22; vice- 
president, Margaret Merrell ’22; member of the executive committee, Hope Anglemann ’22. 
On October 14, the following officers were elected from the junior class: Secretary-treasurer, 
Mary Wheeler ’23; member of the executive committee, Margaret Ingraham ’23. Plans for the 
year were discussed; and Professor Helen Merrill told the Club about the meetings of the American 
Mathematical Society and the Mathematical Association of America, held in Wellesley in Sep- 
tember. 

The programs of the other meetings were as follows: 

November 18, 1921: “The angle bisector and the use of two right angles in the solution of the 
cubic” by Miss Marion Stark, instructor; ‘Paradromic rings” by Eleanor Johnson ’23; 
“How to draw a straight line” by Margaret Merrell ’22; ‘“‘ Mechanical construction of the 
conics” by Grace Lybrand ’23; “Russian peasant method of calculation” by Georgia 
Gambrill ’22. 

December 2: ‘Early days in the Mathematics Department’’ by Miss Ellen Hayes, formerly 
head of the Mathematics Department. 

January 27, 1922: “The cycloid” by Professor J. L. Coolidge, of Harvard University. Open 
meeting. 

February 24: Library meeting. Old and valuable mathematical books were exhibited. 

March 17: “Stephen Leacock” by Mary Wheeler ’23; “Lewis Carroll” by Jeannette Gruener ’23; 
“a”? by Mary Hankinson ’22. 

May 8: Social meeting at the home of Professors Smith and Copeland. Fallacies proven and 
disproven, original songs, refreshments. 

May 19: “Paper-folding, with demonstration” by Edith Barrows ’22. Officers for the year 
1922-1923 were elected as follows: President, Mary Wheeler ’23; vice-president, Alice 
Darnell ’23; executive committee, Jeannette Gruener ’23, Professor Smith. 

(Report by Mary Wheeler.) 
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PROBLEMS AND SOLUTIONS. 


Epirep By B. F. Orro DuNKEL, AND H. P. MAnnina. 


Send all communicutions about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montuty. In so far as possible, 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems.] 


2949 (Corrected; see 1922, 29). Proposed by J. B. REYNOLDS, Lehigh University. 

Find the lateral area of the cone with vertex at (0,0, h) and whose base is the epicycloid, 
2x = a(3 cos 0 — cos 30), 2y = a(3 sin 6 — sin 38). 

2992. Proposed by AUGUSTUS BOGARD, Teresian University, Winona, Minn. 


A semi-circle rotates at a uniform velocity about its diameter and slides along the line of that 
diameter at such a uniform rate as just to pass the full length of the diameter while making one 
revolution about it. Find the equation of the surface thus generated. 


2993. Proposed by H. C. BRADLEY, Massachusetts Institute of Technology. 


Let ABC be any triangle, and O the center of its circum-circle. Bisect the arcs AB, BC, 
and CA at F, D,and E. With F, D, and E as centers draw arcs passing in each instance through 
the adjacent corners of the triangle. Prove that these arcs intersect at the in-center of the 
triangle ABC. 


2994. Proposed by R. M. MATHEWS, Wesleyan University. 


Can the following construction be made without the use of a regulus? Construct a line which 
meets four given skew lines. 


2995. Proposed by S. A. COREY, Des Moines, Iowa. 


Give a geometric proof of each of the identities: 
(a) cos (a + 2mz) = cosa — 2 sin z[sin (a + x) + sin (a + 3x2) + +--+ + sin (a + (2m — 1)z)], 
and 
(b) sin (a + 2mz) = sina + 2 sin z[cos (a + x) + cos (a + 3x2) + +--+ + cos (a + (2m — 1)z)], 
where m is a positive integer. 

2996. Proposed by E. J. OGLESBY, Flushing, N. Y. 

Given u; = .2500, we = .4113, ws = .4785, us = .4965, find x when u, = .4311. 


2997. Proposed by M. ZAMETKIN, Jamaica, N. Y. 
Given a = sin 5°, b = sin 49°, and cc = sin 87°, prove that 


a — + ac 


2998. Proposed by F. M. GARNETT, Augusta, Ga. 


A cube has removed from it aright pyramid whose base isa face of the cube and whose altitude 
is the altitude of the cube. How far from the base of the cube must a plane be passed parallel 
to the removed face so as to divide the remaining volume of the cube into two equal parts? 
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SOLUTIONS. 
2897 (1921, 228]. Proposed by PAUL CAPRON, U. S. Naval Academy. 
Discuss the conditions under which the angles made by two circles on a sphere have the same 
measures as the distances between their poles. 
Sotution By F. L. Witmer, Omaha, Neb. 
Write the equations of the circles: 
1 
qd ’ Pp 


zcos¢+ysin¢ 

where ¢ is the lesser angular distance between their poles. If (x’, y’, 2’) is the point of inter- 

section for which z’ is positive, then 


il 


where d is the distance between the centers of the two circles. The length of the subnormal at 

(x’, y’, 2’) is + for the circle of radius ¥l — p?, and —. for the circle of radius 
sin sin 
vl —@. 
The direction cosines are then: 
_ Nsin? ¢ — q — pcos 


0, ’ 
sin — sin — p? 
for the one, and 


Vsin? — cos ¢Vsin? — —qcos¢ 


vl-¢ sin — ¢ sin — 
for the other tangent line at (z’, y’, z’). 
The proposition requires: 
cos ¢(sin? ¢ — d?) (q — p cos ¢)(p — q cos ¢) ‘ 
-- : 
sin? @v(1 — p’)(1 — sin? @V(1 — p*)(1 — q’) 
This reduces to 
gp — cos qP 

= = 608 ¢ = 

v(1 — p*)(1 — 1+ 

Norte By THE Eprrors—This equation may also be obtained by considering the stereographic 
projection of the sphere upon the zy-plane. Circles on the sphere project into circles in the plane 
and angles are preserved by the projection. The equations of the two circles are 

y? — (2/p)a +1 = Oand 2? + — (2/¢)(x cose + y sing) +1 =0, 
and for the cosine of the angle between them we find the same expression as that given in the 
solution above. 

Another way of treating the problem is by spherical trigonometry. The two poles on the 
sphere and the intersection of the two circles are the vertices of a spherical triangle in which the 
measure of one angle is equal or supplementary to the measure of the opposite side. These condi- 
tions are satisfied when a triangle has two right angles. In other cases the cosine law and the 
cosine law for the polar triangle, to give consistent results, require that the supplementary relation 
hold for all three angles and their opposite sides, or only for one. On the other hand, at least 
two angles of a spherical triangle are in the same quadrants as their opposite sides. Therefore, 
unless our triangle has two right angles, it must have one angle supplementary and each of the 
other two equal to their opposite sides. The side whose opposite angle is supplementary is the 


one which is nearest to 90°.!. The equation obtained above is merely the cosine law of spherical 
trigonometry. 


2901 (1921, 277]. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 


Given the length of the base of a variable triangle and the positions of the feet of the altitudes 
on the other two sides, find (a) the locus of the vertex’ opposite the base; (b) the locus of the 
foot of the altitude on the base. 


1 See Chauvenet, Plane and Spherical Trigonometry, edition 9, Philadelphia, 1881, p. 178. 
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I. By Hoover, Columbus, Ohio, and H. P. Mannine, 
Providence, R. I. 


Let P and Q be the two given points, PQ = 2a, with axes taken so that their codrdinates are 
(— a, 0) and (a,0). Let C (a, y) be the vertex whose locus is to be found in (a), and let A (a1, y:), 
B (#2, y2) be the other two vertices; take P on BC and Q on AC and let the length of AB be 
denoted by 2b. 


(a) If m and m’ are the slopes of AC and BC, these various quantities will be connected by 
the relations 


y —a) = +a) 
yi = — a) = — + a) (1) 
1 
= = m' (te + a). 
Therefore 
yiy2 = — + +4) = — — — ), 
or 
+22 =0 and yiye = — a? 
The expression for AB? gives the equation 
+ (y1 Ye)? = 
Subtracting 4a”, substituting yiy2 for x,;2 — a?, and reducing, we have 
Yi t = + — a? = Qk, say. 
Now from (1) 
Hence, adding and dividing by 2, we have 
ky = — a(x. +a), (2) 
and then 
ayi = +a), = — k(x — a). 
The two expressions in (1) for y give 
and the'two expressions for y:, 
a 
mm! = — —— 
Hence 
 tky’ 
or 


This equation represents the locus of C. 


(b) The slope of the base AB is (y: — y2)/(a1 — x2) = kaz/ax, and the foot of the altitude 
upon this line is the point R, whose coédrdinates satisfy the equations 


k 
—y == (X — 2) and (xX -2). 


We may write these 


kaX = — — kx) = axiY — kan, 
= — + x(ky + = — — az, 
and if we multiply corresponding members and remove the factor kaxx:, we have 


ta, 


a’. 

2 

x 
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or 


This equation represents the locus of R. 


II. Soxtution py ArTHUR PELLETIER, Montreal, Canada. 


We have given AB in length only and the fixed points P and Q. 

(a) O, the middle point of AB, is determined, for OP = OQ = AB/2. In the circle AQPB, 
Z ACB is measured by }(arcAB — are PQ) and is therefore 
constant. Hence the locus of the vertex C, opposite the base 
AB, is the arc of the circle PCQ. 

(b) Let R be the foot of the altitude on the base AB, and let 
C’ be the intersection of the three altitudes. In the circle 
ACPR, with diameter AC, 7 CAP = Z CRP. In the circle 
AQC’R, with diameter AC’, 2 QAC’ = Zz QRC’. Finally in 
the fixed circle AQPB, already mentioned, 7 QAP, measured 
by 3 are PQ, is a constant. Therefore 7 PRQ, the sum of the 
other two angles, is a constant and the locus of R is the arc of 
the circle PRQ. 

As a second point, symmetrical to O with respect to the line 
PQ, may be the mid-point of AB, it follows that two arcs symmetrical to PCQ and PRQ belong 
also to the required loci. 


Note By Otro DunKext, Washington University—The triangle AC’B also satisfies the 
conditions of the problem and the entire circle PCQ is included in the locus under (a). Likewise, 
the entire circle PRQ is the locus of R. If AB rotates about O, C and C’ will trace the circle PCQ 
and change places with the rotation of AB through 180°. It should be noted that the figure takes 
a somewhat different form when AB intersects PQ. 

However, this problem admits of an easier solution by aid of the nine-point circle which is 
the same for all the triangles and is the locus desired in (b); and then it is easy to show that the 
locus of C is a circle through P and Q with its center at the extremity of the diameter of the nine- 
point circle that has its other extremity at O. 


2902 [1921, 277]. Proposed by C. N. MILLS, Tiffin, Ohio. 

Find the locus of a point the feet of perpendiculars from which, on the sides of a triangle, 
lie on a straight line. 

Nore BY THE Epitors: It is well known that the circumscribed circle of the triangle is at least 
part of the locus, by virtue of the theorem of William Wallace, Mathematical Repository, March, 
1799. No proof of this result is called for in this problem. 


I. Sorution By R. M. Matuews, Wesleyan University. 


With reference to rectangular axes, let the vertices of the triangle be O = (0, 0), A = (a, 0) 
and B = (b, c). Let P = (z’, y’) be any point from which perpendiculars PR, PS, PT are 
dropped to the sides OA, AB, BO, respectively. 

Write the equations of the sides of the triangle, then the equations of the perpendiculars and 
so find the coérdinates of the feet as 


R = (2’, 0), 
ga — by’ + (a — cy’ — c(a — b)a’ + ac(a — 
(a@— bP +e +e 
T = (7 + bey! | 
b2 b2 + 


Applying the necessary and sufficient condition that R, S, and T be collinear, we have 


2", 0, 1 
ba’ + bey’, ber’ + cy’, 
ac? — c(a — b)y’ + (a — b)*2’, cy’ —c(a —b)x’ + ac(a—b), (a—b)?+e 


= 
— 
| 
| 
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This gives the equation of condition 
The codrdinates of O, A and B satisfy this equation. Therefore this is the circumscribed circle, 
and the circumscribed circle is the required locus. 


II. Sotution By Hoover, Columbus, Ohio, and 
Otto DuNKEL, Washington University. 
Take the given triangle, ABC, as the triangle of reference in trilinear coérdinates, the side 
opposite A being a = 0; also (a’, 8’, y’) the point from which the perpendiculars are drawn. 


Take any point in a = 0, as (0, Bi, yi); then the straight line through (a’, 6’, y’) and (0, B:, 71) 
is given by 


ja’ =0 
B: 


or, 
a(B’y1 — — Ba’y: + ya'Bi = 0. 
This is perpendicular to a = 0 if 


B'y1 — — cos B + a’y; cosC = 0 
or 
— (y’ + @’ cos + + cosC)y1 = 0; 


so that we can write for the codrdinates of the foot of the perpendicular from (a’, 8’, y’) upon 
a =0, 


0, B’ + a’ cos C, + a’ cos B. 


In the same way we get the feet of the other two perpendiculars. 
These three points will be on a straight line if 


0 B’ +a’ cosC +a’ cos B| 
a’ + cosC 0 + B’ cos A| = 0. 
ja’ +7’ cosB cosA 0 


This reduces to ! 
(a@’ sin A + sin B + y’ sin C)(6’y’ sin A + sin B + sin C) = 0. 


The first factor is equal to the area of the triangle divided by the radius of the circumscribed 
circle and hence cannot be zero. The second factor put equal to zero gives the equation of the 
circumscribed circle. Hence the circumscribed circle comprises the entire locus, 

A simple proof may be obtained by reversing the reasoning given on page 118 of Salmon’s 
Conic Sections, edition 6 (London, 1879). 

If we assume Wallace’s theorem the ahove may be regarded as a derivation of the equation 
of the circumscribed circle; for it is the equation of a conic which includes all the points of this 
circle. 


Also solved by T. L. Bennett, A. M. Harpine, Artuur PELLETIER, and 
H. L. Ouson. 


2906 (1921, 277]. Proposed by ELIJAH SWIFT, University of Vermont. 

Given any number of five digits, reverse the order and subtract the smaller of the two numbers 
thus formed from the larger. Show that if told the last three digits of this difference, we can 
find the first two, and give a simple rule for determining them. 


1 If we multiply the three rows by 6’7’ sin A, ya’ sin B and a’@’ sin C, respectively, and add, 
we shall get a new row whose elements are a’, 6’, and ’ times the expression 


B’y’ sin A + sin B + sin C, 


which is, therefore, a factor. 


( 
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So.ution By A. V. RicHarpson, Bishop’s College, Lennoxville, Quebec, Canada. 
We may indicate the subtraction as follows: 


¢ @ € 

where the letters denote the digits of the numbers. Since the first number is the larger, either 
a>eora=eandb>d. The digits of the difference will be as in the following table. 


y m n 
a>e, a—e | 9 9+d—b 10+e-—a 
b=d a-—-e-1l | 9 9 9 10+e-a 
b<d a-e-1 | 10+b-d 0 d-b-1 10+e—a 
a=e, b>d 0 b-—-d-1 | 9 10+d—b 0 
From the table we may formulate the following rule: 


x=10-—p and y=8-—n 
except 


(1) when p = 0, and then z = Oandy = 9 — 7; 

(2) when m = 0, and then x = 9 — p, andy = 9 — n; 

(3) when m = n = 9, p + 0, and then z = 9 — pandy = 9. 

Also solved by T. M. Buiaxster, H. N. Cartron, A. M. Harprne, L. C. 
Matuewson, C. J. STOWELL, F. L. WILMER. 


NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will codperate in contributing to the general 
interest of this department by sending items to R. W. BURGESS, Brown University, Providence, 
R. I. 

In the temporary assignment of Mr. E. B. Mone to duties connected with 
University administration, the following have been appointed temporary in- 
structors in the College of Liberal Arts, Boston University: C. E. HAIG Er of the 
Rehabilitation Division, Franklin Union; J. A. Marsu of the English High School, 
Boston; and R. W. GARDNER of the Eastern Nazarene College, Wollaston. 

At the University of Michigan, Professor W. H. Burts has retired after 
serving twenty-four years as instructor and professor of mathematics and fourteen 
years as assistant dean of the Colleges of Engineering and Architecture. He 
has been appointed professor emeritus. 

Mr. L. J. Comrig, M.A., F.R.A.S., of New Zealand and St. John’s College, 
University of Cambridge, Cambridge, England, is in residence at the Sproul 
Observatory of Swarthmore College as Research Assistant for the coming year. 
Mr. Comrie is the holder of the Isaac Newton Studentship awarded in April 1921 
at Cambridge University for research in Astronomy. He has been working 
under Professor A. S. Eddington for three years and has made a special study of 
occultations of stars by planets. He will continue this study and in particular 
the publications of predictions of these occultations. He was successful in 
organizing a Computing Section of the British Astronomical Association, and 
also edited the first edition of that Association’s Observer’s Handbook, pub- 
lished in 1922. He will participate in the researches upon the parallaxes of 
stars which is the prime work of the Sproul Observatory. 
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Rosert WHEELER WILLSON, professor of astronomy, emeritus, at Harvard 
University since 1919, died November 1, 1922. He was born at Roxbury, Mass., 
July 30, 1853. He received the degree of A.B. from Harvard in 1873 and of 
Ph.D. from the University of Wiirzburg in 1886. He was an assistant in the 
Argentine National Observatory in 1873 and in the Harvard Observatory in 
1874; tutor in physics at Harvard 1875-1881; assistant astronomer at the Win- 
chester Observatory, Yale, 1881-1884; then instructor in astronomy and physics 
1891-1899, assistant professor of astronomy 1899, and professor of astronomy 
1903, at Harvard. He was the author of Laboratory Astronomy, Boston, 1901 
(enlarged edition, 1905), and Times of Sunrise and Sunset in the United States, 
Cambridge, 1908. 

Tuomas Marcus BLaksLes, born at Harpersville, N. Y., December 12, 1854, 
died at Ames, Iowa, January 30, 1923. He received the degree of Ph.B. from 
Colgate University in 1874 and of Ph.D. from Yale University in 1880. He pur- 
sued his mathematical studies further in the Johns Hopkins and Chicago Uni- 
versities, and for a short time in the University of Géttingen. For the greater 
part of his life he held the chair of mathematics in Des Moines College, Des 
Moines, Iowa. He has been a member of the Association since September, 1919. 
During the latter years of his life he was an interested and frequent contributor 
to the Problems and Solutions Department of this MonTHLy; also his article on 
“The solution of an equation by a frame”’ appeared in 1911, 159-162. He was 
the author of Direction as a Quantity. Directed Quantity and Kindred Subjects, 
Des Moines, 1887 (19 pages); and of Academic Trigonometry. Plane and Spher- 
ical, Boston, Ginn, 1888 (30 pages). 

The following resolutions upon the death of Professor Halsted were adopted 
at the April meeting of the Rocky Mountain Section (see 1922, 198): 

By the death of our associate and fellow worker, George Bruce Halsted, 
March 19, 1922, in New York City, the Rocky Mountain Section of The Mathe- 
matical Association of America publicly recognizes that Colorado has lost a 
distinguished citizen; and the whole country, a mathematician and philosopher 
and logician, of international standing. Dr. Halsted was a member of the 
leading scientific societies, a contributor to scientific journals, and the author 
of well-known mathematical books; and was on terms of personal friendship with 
mathematicians in various countries. We, in Colorado, knew him well, and gave 
him freely of our love and admiration. We know that his was a life of service to 
learning, and particularly to mathematics, the purest of all the sciences. Here, 
in Greeley, Colorado, his later home, we, the members of The Association, attend- 
ing the session, pay to him our sincere respects for his scholarship, his productive 
labors, and his sterling qualities. 

The United States has withdrawn its invitation for the International Mathe- 
matical Congress to be held “‘in New York or its vicinity” in 1924. The invi- 
tation from Canada will probably be accepted. It is now expected that most of 
its meetings will be held in Montreal before it adjourns to Toronto for the ses- 
sions of the British Association for the Advancement of Science. 

Published April 9, 1923. 
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PAPERS, REPORTS OF MEETINGS. 


ARCHIBALD, R.C. The area of a quadrilateral, 
29-36. 

A. The imaginary points of 
geometry, 145-149. 

Bray, H. E. Rates of exchange, 365-371. 

BrENKE, W. C. An application of Abel’s 
integral equation, 58-60. 

Bryan, N. R. The first attempt at a table of 
integrals, 392-394. 

Bussey, W. H. A note on the problem of the 
eight queens, 252-253. 

Casort, F., and Eprrors. 
sted, 338-340. 

Sexagesimal fractions among the Baby- 

lonians, 8-10. 

Spanish and Portuguese symbols for 
“Thousands,”’ 201-202. 

Curtiss, D. R. On Kellogg’s Diophantine 
problem, 380-387. 

Emcu, A. A model for the Peano surface, 
388-391. 

Erriincer, H.J. A simple form of Duhamel’s 
theorem and some new applications, 239- 
250. 


Evans, G. C. 
371-380. 

Forsytu, C. R. Depreciation by a constant 
percentage plus a constant, 60-62. 

Mathematical Association of America. Sixth 
annual meeting of. W. D. Carrns, 97- 
111. Seventh summer meeting of. W. 
D. Catrns, 281-289. 

Mathematical Association of America, Sections 
of. Illinois, April meeting. E. B. Lyte, 
235-237. Iowa, November meeting; April 
meeting. J. F. Retzy, 1; 328-330. 
Kansas, January meeting. E. B. Srour- 
FER, 143-144. Kentucky, April meeting. 
F. LeSrourGceon, 189-190. 
Maryland-Virginia-District of Columbia, 
December meeting; May meeting. G. R. 
CLEMENTS, 190-193; 330-332. Minnesota, 
May meeting. Guapys E. C. Grppens, 
238-239. Missouri, November meeting. 
P. R. Riper, 1-3. Ohio, April meeting. 
G. N. Armstrone, 193-197. Rocky 
Mountain, April meeting. G. H. Liaur, 
198-199. Southeastern, Organization 
meeting. W. W. Rankin, Jr., 199-200. 


George Bruce Hal- 


A simple theory of competition, 


Texas, November meeting. 
3-6. 

Matuews, R. M. A general construction for 
circular cubics, 202-204. 

Two new constructions of the stro- 
phoid, 55-58. 

Miter, G. A. Contradictions in the litera- 
ture of group theory, 319-328. 

Murr, T. A budget of exercises on determin- 
ants, 10-14. 

Otson, H. L. Note on application of Dio- 
phantine analysis to geometry, 250-252. 

Rees, E. L. Graphical discussion of the roots 
of a quartic equation, 51-55. 

Rietz, H. L. “Statistics” in a mathematical 
encyclopedic dictionary, 333-337. 

Riaar, W. F. Cuspidal envelope rosettes, 6-8. 

Rogver, W. H. -Lines of illumination caused 
by the passage of light through a screen, 
149-156. 

Smita, D. E. Among my autographs: 18. 
Sylvester as a poet, 14-15; 19. Lewis 
Carroll as a critic, 15-16; 20. Babbage 
visits Mme. Laplace, 114-115; 21. De 
Morgan and the Libri controversy, 115- 
116; 22. Sir David Brewster and the 
stereoscope, 157; 23. Clifford’s genius 
shown as a boy, 157-158: 24. Sir William 
Rowan Hamilton and the early days of 
quaternions, 209-210; 25. Montucla’s 
closing years, 253-255; 26. Burckhardt 
on modern teaching, 297-299; 27. Burck- 
hardt and the eternal problem of publica- 
tion, 299-300; 28. De Moivre expresses 
himself, 340-343; 29. Legendre and 
Cauchy sponsor Abel, 394-395. 

——— An interesting fourteenth 
table, 62-63. 

Unter, H.S. The path of light in a gravita- 
tional field, 47-51. 

Watsu,J.L. A certain two-dimensional locus, 
112-114. 

Weaver, J. H. A generalization of the stro- 
phoid, 204-207. 

Wuite, H.S. Serret’s analogue of Desargues’s 
theorem, 111-112. 

Wincer, R. M. Infinite and imaginary ele- 
ments in algebra and geometry, 290-297. 


J. L. Rivey, 


century 
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QUESTIONS AND DISCUSSIONS—DISCUSSIONS. 


ALLEN, E. S. Definitions of imaginary and 
complex numbers, 300, 301-303. 

BALLANTINE, J. P. What is a calculus? 210, 
213-215. Remarks by the Eprror,215-217. 

BENNETT, A. A. See Curtiss, D. R. 

See Wess, H. E. 

Brxpy, W.H. Graphical solution of numerical 
equations, 343, 344-346. 

Casor!, F., and Minter, G. A. The formula 
3a(a + 1) for the area of an equilateral 
triangle, 301, 303-307. 

Curtiss, D. R. Solution of a problem in 
skeleton division, 210, 211-212. Remarks 
by A. A. BENNETT, 212-213. 

Ertiincer, H. J. Slope of a curve in polar 
coérdinates at the pole, 397, 405. 

Gitman, R. E. Reply to Question 44, 116, 117. 

Gumnme_er, C.F. Editorial comments, 116-117, 
119-120, 158, 162, 163-164, 210, 215-217, 
257, 260-261, 300-301, 343-344, 395-397, 
401-402. 

Note on Question 44, 119. 

Remarks on Question 36, 256-257. 

HautpEeMan, ©. B. Construction of the regular 
undecagon by a sextic curve, 397, 400-401. 
Remarks by the Eprror, 401-402. 

Hatuaway, A.S. A general tvpe of reduction 
formula, 257-260. Note by the EpiTor, 
260-261. 


Hazuett, C. Reply to Question 44, 


117-118. ° 

Hoar, R. 8S. On proofs by mathematical 
induction, 162. Remarks by the Eprror, 
163-164. 


Matuews, R. M. Concyclic points on an 
equilateral hyperbola and on its inverses, 
344, 347-348. 

Miter, G. A. See Casort, F. 

REYNOLDS, The derivation of 
formuls in the mathematics of investment, 
120, 122. 

Rosenpaum, J. generalization of the 
Pythagorean theorem, 397, 402-404. 
Swirt, E. Note on trigonometric functions, 
397, 404-405. 
UnvEerwoop, R. 8S. 

255-256. 

Supplementary note on the irration- 
ality of certain trigonometric functions, 
344, 346. 

Vait, W.H. Uncle Zadock’s rule for obtaining 
the Dominical letter for any year, 395-396, 
397-400. 

Wess, H. E. 


Reply to Question 36, 


A method of deriving formulz 


for the expansion of sin (x+y) and‘ 


cos (« + y), 119, 120-121. Remarks by 


A A. BENNETT, 121- 122. 


QUESTIONS AND DISCUSSIONS—QUESTIONS. 
15, 159; 21, 159; 34, 159-160; 36, 160, 255-257; 39, 160-161; 41, 161; 42, 161; 43, 161; 44,116—119; 


45, 161-162; 46, 210; 47, 300. 


RECENT PUBLICATIONS—REVIEWS. 


Adams, 0.8. See Deetz, C. H. 

Archibald, R. C. See Drury, F. K. W. 

— See Tropfke, J. 

Baker, H. F. The Principles of Geometry. J. 
261-265. 

Bennett, A. A. Introduction to Ballistics, 221. 

See Dickson, L. E. 

—— See Goff, R. R. 

——— See Hambidge, J. 

—— See Leland, O. M. 

——— See MacMahon, P. A. 

See Passano, L. M. 

Bird, J. M. See Einstein. 

Carslaw, H. 8. Introduction to the Theory of 
Fourier’s Series and Integrals, 65-66. 

Coolidge, J. L. See Baker, H. F. 

Crathorne, A. R. See Rietz, H. L. 

Deetz, C. H., and Adams, O. 8. Elements of 
Map Projection with Applications to Map 
and Chart Construction, 71-72. 

Dickson, L. E. First Course in the Theory of 
Equations. A. A. BENNETT, 406-408. 
Trigonometry with Practical 

Applications. A. A. BENNETT, 217-219. 
Dresden, A. Plane Trigonometry, 70-71. 
Drury, F. K. W. Technical and Scientific 

Serials in the Libraries of Providence, 1920. 

R. C. ArcuIBaLp, 17-18. 


Einstein’s Theories of Relativity.and Gravitation, 
Compiled and edited by J. M. Brrp, 67- 


68. 
Goff, R. R. Loose-Leaf Outlines in Mathe- 
matics. A. A. BENNETT, 219-220. 
Graustein, W.C. See Osgood, W. F. 
Griffin, F. L. An Introduction to Mathematical 


Analysis, 68-69. 

Hambidge, J. Dynamic Symmetry, the Greek 
Vase. A. A. BENNETT, 164--170. 

Hoar, R. S. A Course in ’ Exterior Ballistics, 
221-222. 

Jackson, C. S. Examples in Differential and 
Integral Calculus with Answers, 72. 

Karpinski, L. C. See Tropfke, J. 

Keyser, C. J. Mathematical Philosophy. A 
study of fate and freedom. Lectures for 
educated laymen. G. A. MILLER, 408-410; 
see also 19. 

Krathwohl, W. C. See Palmer, C. I. 

Lamb, H. Higher Mechanics, 72-73. 

Leland, O.M. Practical Least Squares. A. A. 
BENNETT, 124. 

MacMahon, P. A. New Mathematical Pas- 
times. A. A. BENNETT, 307-309. 

Milhaud, G. Descartes Savant. D. E. Situ, 
123-124 


Miller, G. A. See Keyser, C. J. 
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Osgood, W. F., and Graustein, W. C. Plane 
and Solid Analytic Geometry, 66-67. 

Palmer, C. I., and Krathwohl, W.C. Analytic 
Geometry with® Introductory Chapter on the 
Calculus, 69-70. 

Passano, L. M. Calculus and Graphs—Simpli- 
fied for a First Brief Course. A. A. 
BENNETT, 170-171. 

Rietz, H. L., Crathorne, A. R., and Rietz, J. C. 
Mathematics of Finance, 18-19. 

Rietz, J.C. See Rietz, H. L. 

Robb, A. A. The Absolute Relations of Time 
and Space, 63-65. 


Rohn, K. Stereometrie. TD. E. 410. 

Smith, D. E. See Milhaud, G. 

See Rohn, K. 

Tropfke, J. Geschichte der Elementar-Mathe- 
matik in systematischer Darstellung mit 
besonderer Beriicksichtigung der Fachwérter. 
R. C. AncHIBALD, 16-17; L. C. KarprnskI, 
349-351. 

Willis, C. A. Plane Geometry: Experiment, 
Classification, Discovery, Application, 220- 
99 


RECENT PUBLICATIONS—NOTES—BOOKS. 


Bieberbach, L. Differential- und Integralrech- 
nung, 412. 

Lehrbuch der Funktionentheorie, 412. 

Blaschke, W. Vorlesungen wiber Differential- 
Geometrie und Geometrische Grundlagen von 
Einsteins Relativitdtstheorie, 412. 

Brasch, F. E. [Bibliography of the theory of 
relativity], 172. 

Cantor, M.B. Vorlesungen tiber Geschichte der 
Mathematik, 310. 

College Entrance Examination Board. [Re- 
ports of Commission on: (1) Elementary 
Algebra, Advanced Algebra, and Plane 
Trigonometry; (2) Plane Geometry and 
Solid Geometry], 309. 

Courant, R. See Hurwitz, A. 

Cyclopedia of American Biography, new en- 
larged edition of Appleton’s Cyclopedia of 
American Biography, 266. 

DeMorgan, A. Arithmetical Books from the 
Invention of Printing, 172. 

DeMorgan, W. F. Alice-for-Short; Joseph 
Vance; Somehow Good, 411. rs 

Dingler, H. Relativitdtstheorie und Okonomie- 
prinzip, 412. 

Délp, H. Grundziige und Aufgaben der Differ- 
ential- und Integralrechnung nebst den 
Resultaten, 412. 

Einstein, A. Vier Vorlesungen wiber Relativi- 
latstheorie gehalten im Mai, 1921, an d. 
Universitdét Princeton, 412. 

Encyclopaedia and Dictionary of Education, 
edited by F. Watson, 266. 

Encyklopddie der Mathematischen Wissenschaft- 
en, 310. 

Evans, G. C. Functionals and their Applica- 
tions, 410. 

Euler, L. Opera Omnia, 267. 

Fiedler, W. See Salmon, G. 

Fisher, A. An Elementary Treatise on Fre- 
quency Curves and their Application to the 
Construction of Mortality Tables, 267. 

The Mathematical Theory of Probabil- 
ities and its Application to Frequency 
Curves and Statistical Methods, 266. 

Gerlach, J. E. Kritik der mathematischen Ver- 


1901, 1910, and 1901-1910, 20. 
Hagen, J. G. Synopsis der héheren Mathe- 
matik, 172. 


Hoar, R. 8. [Mechanics of a new design of 
gasoline power shovel], 309. 

Hurwitz, A. Vorlesungen tiber allgemeine Funk- 
tionentheorie und elliptische Funktionen, er- 
gdnzt durch einen Abschnitt tiber geometrische 
Funktionentheorie by R. Courant, 412. 

Knopp, K. Theorie und Anwendung der 
unendlichen Rethen, 412. 

Laisant, C. A. L’Initiation mathématique, 
ouvrage étranger a tout programme; dédié 
aux amis de l’enfance, 267. 

Loria, G. Spezielle algebraische und tranzen- 
dente ebene Kurven, Theorie und Geschichte, 


172. 

Madelung, E. Die mathematischen Hilfsmittel 
des Physikers, 412. 

Marsh, H. B. Elementary Algebra Outline 
based upon College Entrance Requirements 
and Examination Papers, 309. 

Moszkowski, A. Einstein, Einblicke in seine 
Gedankenwelt. Gemeinverstdndliche Be- 
trachtungen tiber die Relativitdtstheorie und 
ein neues Weltsystem. Entwickelt aus 
Gesprdchen mit Einstein, 412. 

Muir, T. The Theory of Determinants in the 
Historical Order of Development, 410. 

Peddie, K. A. [Catalogue of books on arith- 
metic before 1501], 172. 

Poggendorff, J. C. Biographisch-literarisches 
Handwérterbuch zur Geschichte der exacten 
Wissenschaften, 268. 

Pringsheim, A. Vorlesungen wiber Zahlenlehre, 

11 


411. 

Repertorium der héheren Mathematik, edited by 
H. E. Timerding, 267. 

Salmon, G., and Fiedler, W. 
Geometrie des Raumes, 412. 

Schrutka, L. Elemente der héheren Mathe- 
matik fiir Studierende der technischen und 
Naturwissenschaften, 412. 

Silberstein, L. The Theory of General Relativity 
and Gravitation, 410. 

Smith, D. E. Rara Arithmeiica, 172. 

Stirling, Anna M.W. William De Morgan and 
his Wife, 411. 
Suggestions for Students of Mathematics. 
Mathematics and Life Activities, 310. 
Tannery, P. Mémoires Scientifiques. Sciences 
exactes chez les Byzantins, 172. 

Veblen, O. Analysis Situs, 410. 

Young, Grace C. The First Book of Geometry, 
267. 
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RECENT PUBLICATIONS—PERIODICALS. 


Acta Mathematica, 412. 

Alcalde, 352. 

American Journal of Mathematics, 222, 414. 

American Journal of Science, 73. 

Annales Scientifiques de V Ecole Normale Supéri- 
eure, 20, 73. 

Annali delle Universita Toscana, 173. 

Annals of Mathematics, 352. 

Bibliotheca Mathematica, 310. 

Bollettino di Matematica, 223. 

Bulletin of the American Mathematical Society, 
20, 73, 310, 353, 413. 

Bulletin of the Calcutta Mathematical Society, 


411. 
Bulletin of the New York Historical Society, 266. 
Bulletin des Sciences Mathématiques, 125, 223, 
311, 353, 410. 
Bulletin Scientifique des Professeurs de VEn- 
seignement du 2e degré (B. S. 2), 309. 
Christiaan Huygens, International Mathematisch 
Tijdschrift, 19. 

Comptes Rendus du Congrés International des 
Mathématiques a Strasbourg, 413. 

L’ Education Mathématique, 74. 

Electrician, 20. 

Engineering News Record, 74. 

L’Enseignement Mat hématique, 20, 126, 414. 

Esercitazioni Matematiche, 223. 

Fundamenta Mathematicae, 222. 

Giornale di Matematiche di Battaglini, 21. 

International Studio, 21. 

Isis, 173, 414. 

Jahrbuch wiber die Fortschritte der Mathematik, 


Jahresbericht der deutschen Mathematiker-Ver- 
einigung, 74, 268, 310. 

Journal of the Department of Science, University 
of Caleutta, 411. 

Journal of the Indian Mathematical Society, 21, 
74, 173, 266, 268, 311. 

Journal of Mathematics and Physics, 413. 

Journal de Mathématiques pures et appliquées, 
172, 178, 311. 

Mathematical Gazette, 21, 74, 126, 268. 

Mathematics Teacher, 75, 126, 173, 268, 310. 

Mathematische Annalen, 222. 

Mathematische Zeitschrift, 269, 412. 

Mathesis, 269, 311, 414. 

Monist, 126, 415. 

National Marine, 21. 

Nature, 21, 75, 127, 174, 223, 311, 415. 

‘ La Nature, 22, 127, 174, 223. 

Nieuw Archief voor Wiskund, 19. 

Nieuw Tijdschrift voor Wiskunde, 19. 


Nouvelles Annales de 172. 

Observatory, 127, 174, 

Oversigt over det Kenephge “Danske Videnska- 
bernes Selskabs Forhandlinger, Juni 1919- 
Maj 1920, 266. 

Periodico di Matematiche, 22, 174, 223. 

Philosophical Magazine, 22, 223. 

Popular Astronomy, 128, 175 5, 224. 

Proceedings of the Edinburgh Mathematical 
Society, 128. 

Proceedings of the London Mathematical Society, 
19, 23, 224, 413, 414. 

Proceedings of the National Academy of Sciences 
of the U.S. A., 75, 413, 414, 415. 

Proceedings of the Royal Society of Edinburgh, 
224 


Proceedings of the Royal Society of London, 19, 
992 


224. 

Publications de L’Institut de Mathématiques de 
UV Université de Strasbourg, 172. 

Publications of the Massachusetts Institute of 
Technology, 413. 

Quarterly Journal of Pure and Applied Mathe- 
matics, 224. 

Rendiconti del Circolo Matematico di Palermo, 
224. 

Revista de Matematicas y Fisicas Elementales, 


Revue de l Enseignement des Sciences, 309. 

Revue Générale des Sciences, 23, 76, 128, 175, 
224, 312, 415. 

Revue de Mathématiques Spéciales, 128, 175, 
269, 312. 

Revue Scientifique, 23, 175, 269. 

Revue Semestrielle des Publications Mathéma- 
tiques, 19. 

School Science and Mathematics, 23, 76, 176, 
269. 

Science, 76, 128, 172, 176, 270, 313, 415. 

Science Progress, 76, 415. 

Scientia, 128. 

Scientific American, 129. 

Scientific Monthly, 76. 

Sigma Xi Quarterly, 76. 

Sphinx-Edipe, 76, 176. 

Téhoku Mathematical Journal, 24, 176. 

Transactions of the American Mathematical 
Society, 172. 

Wiskundige Opgaven met de Oplossingen, 19. 

Wiskundig Tijdschrift, 19. 

Zeitschrift fiir angewandte Mathematik und 
Mechanik, 24. 

Zeitschrift fiir mathematischen und naturwissen- 
schaftlichen Unterricht, 129, 416. 


RECENT PUBLICATIONS—AMERICAN DOCTORAL DISSERTATIONS. 


Barter, J. D., 270; Cohen, Teresa, 270; 
Frary, H. D., 270; Lamson, K. W., 270: 
LeStourgeon, Flora E. ., 270; Sensenig, W., 270; 


Smith, G. W., 270; Taylor, J. S., 270; Wear, 
L. E., 270. 


MATHEMATICAL CLUBS—ACTIVITIES. 


Adelphi College, 24. 
Agnes Scott College, 177. 


Brown University, 77 
Bucknell University, 177. 
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Columbia University, 77. 
Cooper Union, 24. 

Denison University, 25. 
Goucher College, 26, 178. 
Grinnell College, 78, 416. 
Hunter College, 354. 

Illinois, University of, 78. 
Iowa, State University of, 355. 
Kentucky, University of, 417, 
Montana, University of, 79. 
North Carolina, University of, 26. 
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nau.” 

233, 1. 12, for 


vread “k.”’ 
read Harsh- 
from bottom, for “R. V. RicHarpD- 


“A.V. RICHARDSON.” 
“SpENCELY” read “SPENCE- 
for “BrazLer”’ read 


“J. W. M.” read 


“Toscane” read “Toscana.” 
“Housen” read “Emily E. 
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